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THE NINTH REGULAR MEETING OF THE 
SOUTHWESTERN SECTION. 


THE ninth regular meeting of the Southwestern Section of 
the Society was held at Washington University, St. Louis, 
Missouri, on Saturday, November 27, 1915. Thirty-eight 
persons attended the sessions, including the following twenty- 
one members of the Society: 

Professor L. D. Ames, Mr. Charles Ammerman, Professor 
E. W. Davis, Dr. W. W. Denton, Professor E. P. R. Duval, 
Dr. E. A. Engler, Professor A. B. Frizell, Professor E. R. 
Hedrick, Professor G. O. James, Professor O. D. Kellogg, 
Mr. J. C. Rayworth, Professor S. W. Reaves, Professor W. H. 
Roever, Dr. H. M. Sheffer, Professor C. H. Sisam, Professor 
H. E. Slaught, Professor E. J. Townsend, Professor J. N. 
Van der Vries, Professor C. A. Waldo, Dr. Eula A. Weeks, 
Professor W. D. A. Westfall. 

The morning session opened at 10 a.m. and the afternoon 
session at 2 p.m. Professor Roever presided. It was decided 
to hold the next meeting of the Section at the University of 
Kansas, Lawrence, Kansas, on Saturday, December 2, 1916. 
The following program committee was appointed: Professor J. 
N. Van der Vries (chairman), Professor S. W. Reaves, Professor 
O. D. Kellogg (secretary). Attending members were enter- 
tained at a smoker at the Washington Hotel on Friday evening, 
and at luncheon at the Tower Dormitory on Saturday noon. 

The following papers were presented at this meeting: 

(1) Professor C. H. Sisam: “On sextic surfaces which have 
a nodal curve of order eight.” 

(2) Professor G. H. Harpy: “Weierstrass’s non-differ- 
entiable function.” 

(3) Professors E. R. Heprick and Louis Incoip: “Note 
on the continuity of the function £ in the law of the mean.” 

(4) Dr. S. Lerscuetz: “On the n-dimensional cycles of an 
algebraic n-dimensional variety.” 

(5) Professor A. B. Frize.u: “The postulate of time.” 

(6) Professor K. P. Witu1ams: “A theorem on real func- 
tions.” 

(7) Professor W. H. Rorver: “Mathematical theory of 
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the optical phenomenon observed in viewing a light through 
screen.” 

(8) Dr. C. H. Forsyrn: “A method of interpolating single 
values among groups of values.” 

(9) Professor S. W. Reaves: “Metric properties of flec- 
nodes on ruled surfaces.” 

(10) Professor H. C. Gossarp: “Note on the Euler line.” 

(11) Mr. J. C. Raywortu: “On the generation of epi- 
cycloidal and hypocycloidal curves.” 

(12) Professor W. H. Rorever: “Graphical construction for 
a function of a function and for a function parametrically 
given.” 

(13) Professor O. D. KeEttoge: “On the roots of minors in 
the secular equation.” 

(14) Professor M. B. Porter: “On Savary’s construction 
for the centers of curvature of a roulette.” 

In the absence of their authors, the papers of Professor 
Hardy, Dr. Lefschetz, Professor Williams, Dr. Forsyth, 
Professor Gossard, and Professor Porter were read by title. 
Abstracts of the papers follow. 


1. In this paper, Professor Sisam points out some funda- 
mental properties of sextic surfaces which have a nodal 
curve of order eight, of the sextic surfaces in space of five 
dimensions of which they are the projections, and of certain 
line congruences associated with them. The paper will appear 
in the American Journal of Mathematics. 


2. It was proved by Weierstrass that the function 
f(z) = cos a*rz, 


where 0 < b < 1 and a is an integer, has no differential coeffi- 
cient for any value of z if ab >1-+ 3. The last condition is 
evidently artificial. In Professor Hardy’s paper Weierstrass’s 
function is discussed by a new method which leads to much 
more general and natural results. In particular it is shown 
that the function (and the corresponding function defined by 
a series of sines) has no finite differential coefficient for any 
value of z if ab > 1. The restriction that a is an integer is 
shown to be unnecessary. Similar results are established for 
other classes of functions. This paper will appear in the 
Transactions. 
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3. In this note, Professors Hedrick and Ingold show that 
the function £(h) in the equation [ f(a + h) — f(a)]/h = f '(é) 
is continuous for h in the closed interval from 0 to b — a pro- 
vided there is, for each value of h in the interval, a single 
number £ between a and b satisfying the above equation. 

Incidentally, under the same hypothesis, certain other 
properties of the derivative and of the difference quotient are 
obtained. 


4. In this paper, Dr. Lefschetz extends and generalizes a 
mode of generation of superficial cycles of an algebraic surface 
obtained by Emile Picard (Picard-Simart, Traité des Fonctions 
algébriques de deux Variables, volume 2, page 335), largely by 
the use of topological methods. The method followed in this 
note is different in that (a) only an infinitesimal deformation 
is used, and (6) it is based upon the value of Picard’s invari- 
ant po. The generalization, which by Picard’s method is 
arduous at best, is thus made comparatively simple. The 
paper is to appear in the Rendiconti del Circolo Matematico di 
Palermo. 


5. Discussions on Mengenlehre have put in evidence two 
opposing tendencies; one is represented by the formal reasoning 
of Zermelo, the other finds remarkably clear expression in the 
philosophy of Bergson. To Bergson reality is the experience 
of change. Therefore the intuition of time, or duration as he 
prefers to call it, is essential to reality. Zermelo in his Aus- 
wahlprincip sets up an axiom which does not need duration 
and can not be tested by experience. By aid of a scheme 
described in the November BULLETIN, page 71, Professor Frizell 
develops a process for producing well-ordered sets by successive 
steps which taken singly may be described in terms of duration 
but constitute a sequence that overlaps duration. It follows 
that for mathematics time is not an a priori intuition; it is 
only a postulate which distinguishes intuitionism from 
formalism. 


6. The theorem given by Professor Williams is a generaliza- 
tion of the theorem that a continuous function actually 
assumes all values between any two of its values. The 
paper has appeared in full in the December number of the 
Annals of Mathematics. 
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7. When a source of light is viewed through a screen certain 
curves of light become visible. Professor Roever shows that 
these curves, of which there are three, are the loci of the 
brilliant points (images of light) of the wires of the screen 
and that, in general, they are cubics. For an infinitely distant 
source of light they are conics and, in any case, they are 
nearly straight in the neighborhood of the light, i. e., of the 
point in which the plane of the screen is pierced by the ray 
from the light to the eye, through which point they all pass. 
One of the curves is the locus of the brilliant points of the 
practically straight cross wires of the screen. The other two 
are the loci of the brilliant points of the lengthwise wires, 
which bend in and out around the cross wires. When the 
ray from the light to the eye is perpendicular to the plane of 
the screen only two curves are seen (at least in the neighbor- 
hood of the point of crossing) and these cut at right angles. 
Geometrical constructions are given for all of the curves. 


8. Dr. Forsyth’s method of interpolation can be explained 
best by an illustration: Given the following age group of 
deaths, (5-9) 4129, (10-14) 2617, (15-19) 4317, the method 
gives the number of deaths for any single age, all computation 
being based upon the differences of the age groups. Dr. 
Forsyth incidentally gives the leading term and differences 
for interpolating several (such as five) values ata time. Thus, 
a group, such as given above, may be broken up completely 
into the several single values. The paper will be offered to 
the Journal of the Royal Statistical Society (England). 


9. Professor Reaves in this paper makes use of the Wil- 
ezynski projective theory of ruled surfaces to study some 
metric properties of such surfaces. These relate chiefly to 
the flecnodes, flecnode curves, osculating quadric, and the 
locus of the center of the osculating quadric. 


10. Euler proved that orthocenter, circumcenter, and 
centroid of a triangle are collinear, and the line through them 
has received the name “Euler line.” He also proved that 
the Euler line of a given triangle together with two of its 
sides forms a triangle whose Euler line is parallel with the 
third side of the given triangle. By the use of vector coordi- 
nates or ordinary projective coordinates, Professor Gossard 
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proves the following theorem: the three Euler lines of the 
triangles formed by the Euler line and the sides, taken by 
twos, of a given triangle, form a triangle triply perspective 
with the given triangle and having the same Euler line. The 
orthocenters, circumcenters and centroids of these two triangles 
are symmetrically placed as to the center of perspective. 


11. In Mr. Rayworth’s paper, the number of ways of gener- 
ating any epicycloidal or hypocycloidal curve, the locus of a 
point on the nth rolling circle, is shown to be (n+ 1)! Since 
the arcs of the circumferences rolled over are arbitrary 
multiples of the preceding arcs, a dependence exists between 
them which finds expression thus: the sum of the products of 
the angles in the terms of the equations by their respective 
coefficients vanishes identically. Similar results are found 
when the fixed circle is replaced by a straight line. Some 
particular cases are considered. 


12. A simple construction, suggested by the methods of 
descriptive geometry, for the graphical representation of a 
function of a function, and of a function given by two para- 
metric equations is given in Professor Roever’s second paper. 
The paper will appear in the American Mathematical Monthly. 


13. In a problem connected with integral equations, it is 
of interest to know about the signs of the first minors of the 
symmetric matrix [a;; — 5;;p] for the roots of the secular equa- 
tion |a;; — = 0, where 6; = 0 for i+ 7 and 6; =1 
fori = j. It is known that any set of principal minors of this 
matrix, each of which is a first minor of the preceding, forms 
a Sturm sequence. Professor Kellogg shows that if all the 
minors of [a;;] are > 0, the functions |a;; -~ 5,;p|, and the minors 
of the elements of its first row, A1:(p), Ai2(p), ---, Ain(9), 
form, for positive values of p, a Sturm sequence. This gives 
information on the signs of all first minors, because of the 
proportionality subsisting among first minors of a vanishing 
determinant. 


14. The purpose of Professor Porter’s paper is to show how 
Savary’s elegant construction can be derived by the most 
elementary considerations from projective geometry. The 
paper will be offered to the American Mathematical Monthly. 

O. D. KELLoGG, 
Secretary of the Section. 
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A NOTE ON THE PROBLEM OF LAGRANGE IN THE 
CALCULUS OF VARIATIONS. 


BY PROFESSOR GILBERT AMES BLISS. 


(Read before the American Mathematical Society, December 31, 1915.) 


THERE are two theorems concerning the solutions of a 
system of linear differential equations, due to von Escherich 
and A. Mayer,* which play an important réle in the proofs 
of the sufficient conditions for a problem of the calculus of 
variations in the form proposed by Lagrange. Bolza remarkst 
that the theory of the second variation has so far been essential 
to the establishment of these two theorems, as well as to the 
proof of the necessity of Jacobi’s condition in the exceptional 
cases not covered by the geometrical theory of Kneser. In 
a paper which will appear in the near future, the writer has 
shown that for problems in parametric form in any number 
of dimensions an inclusive proof of the Jacobi condition may 
be made very simply by an application of Euler’s equations 
and the usual corner point condition to the second variation. 
A similar result has been attained for the problem of Lagrange 
by D. M. Smith. It is desirable therefore to have deductions 
of the two theorems mentioned above which also shall be 
independent of the complicated transformations of the second 
variation. The proofs given below have this advantage. 


§1. The Differential Equations. 
The formt 
22(n, 7’, = (Pinime + 2Qienine’ + + 
He(Spins + 
where i, k, 6B have the ranges 
1,kh=1,2,---,n; B=1,2,---,m; m<n, 


is quadratic and homogeneous in the variables 7, 7’, u, with 
coefficients and variables which are supposed to be functions 
of z of class C’ on an interval z; < <a. The prime denotes 


* See Bolza, Vorlesungen iiber Variationsrechnung, p. 633. 
t Loc. cit., p. 634. 
ft Bolza, loc. cit., p. 621. 


| 
| 
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differentiation with respect to z. In the sequel it will be 
convenient to represent multipartite numbers and matrices 
by single symbols, with the usual agreements as to the mean- 
ings of their products.* The expression for 2 would then be 


22(n, 9’, = Pn-n + 2Qn-n' + + + 


The matrices P and R are symmetric. 
The system of m+ n linear differential equations to be 
considered can now be represented in the form 


(1) = 2, =0, = 9,— Lo, =0, 


where the symbol ©,, for example, represents the multipartite 
number (00/dy;, ---, 92/Oum). A multipartite number is by 
definition equal to zero only~ when every element is zero. 
There are therefore m of the former equations and n of the 
latter. 

The quadratic form © satisfies the well-known relations 


+ + w-Q, = 29, 
+ + = u-Q, + u’-Q, + o-Q,, 


where (u, 7) is a second set of arguments of the type (7, u), 
and 2, for example, is the row of derivatives of the function 
Q(u, u’, «) with respect to the elements of u. The product, 
indicated by a dot, of two multipartite numbers such as 7 
and Q,, is the sum of the products of their respective elements. 
As a result of the second of the relations (2) one finds the 
formula 


u-V(n, u) — 9-V(u, + o-P(n) — p-B(u)= 


(2) 


= The notations and properties used here are very simple. The symbols 
n, 7’, », for example, denote the multipartite numbers 


7= (m, Nn); 7’ = (m’, 2’, B= (u1, pe, fm), 
and Q is the matrix of elements Qi (i, k = 1, 2, ---, n). Then Qn is by 
definition a multipartite number 
Qn = (ZQum, 


on Qn-7’ is the bilinear expression found ha multiplying each element of 
the corresponding element of 7’ and adding, accoraing to the usual 

datuition of scalar multiplication. If further details seem to be nec 

for the developments of the present paper, see Bliss, ‘The solutions of 

differential equations of the first order as functions of their initial values,” 

Annals of Mathematics, 2d series, vol. 6 (1905), p. 58. 


= 

| 
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Every pair of solutions (7, 4), (u, 7) of the equations (1) 
clearly makes the last expression in parenthesis have a con- 
stant value. When this constant is zero the two solutions 


are said to 


A conjugate system of solutions is a system of n linearly 
independent solutions every two of which are conjugate. 
The functions u, ¢ belonging to such a system are the elements 
of two matrices U, 2, the former of which has n columns and 
rows, while the latter has n columns and m rows. A column 
of U with the corresponding column of = forms a solution of 


type (n, 
defined by 


u= Uc, o = Xe; o= Ud, r= 2d, 


where c and d are constant multipartite numbers of n elements, 


satisfy the 
(3) 


since a similar relation holds for every pair of the solutions 
of the conjugate system U, 2. It is important to note that 
the equation (3) is an identity in the elements of ¢ and d, and 
would remain true even if these elements were functions of z. 


§ 


Let (yn, u) be an arbitrarily selected set of functions of the 


type descri 


system of solutions with determinant | U | different from zero 
on the interval 2, < x < &, the linear equations 


(4) 


determine 


other words, there passes a unique solution 


through each point of the curve defined by the functions 7 
in the (n + 1)-dimensional zn-space. 


LEMMA. 


(1), then in every interval x; < x < x for which the determinant 
of the matrix U is different from zero 


(5) 
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be conjugate. 


of the equations (1). The solutions (u, o), (v, 7) 
the equations 


relation 
U-Qy — v-Qy = 0, 


2. The Proofs of the Theorems in Question. 


bed in the preceding section. If U, 2 is a conjugate 


7 = Uc 


uniquely the elements of ¢ as functions of 2; in 


u= Uc, o= Ze 


If the system (n, ) is a solution of the equations 


d 
(Gy — = — — w’). 
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For let (v, 7) be the solution 
(6) = Ue’, r = Xe’ 


defined at each point of the zn-curve by the derivatives of 
the functions c determined by equations (4). With the help 
of the first of the relations 


u’ = U'e, = U'e’ 
it follows from (4) by differentiation that 
(7) = U'e+ Ue = 4+ 2. 
Now 
(Sy — Qu) = 9 -(Q,—Qy)+7- — 


where the symbol of partial differentiation indicates that 
during that operation the elements of ¢ are regarded as 
constants. The expression ©, is linear in the elements of c¢, 
and the expression ,,.-c’ is therefore precisely 2, with c 
replaced by c’, that is, 2,. The last equation may therefore 
be written, with the help of equations (1) and the relations 
n = u, n' = u' + », in the form 


— Qy) = 7/-(Qy — Qu) + — — Qy) 
= 9°, + 9'-Qy — — 
— 2(n! — u’)-Qy — u-Qy + Dy. 


But equation (3) holds even when the values c and d = c’ 
are functions of z, and since 2, = 2, = 0 the formulas (2) give 


d 
(Gy — Dw) = — 2Q(u, w’, — — u’) 


The expression on the right is readily identified with the second 
member of (5) by an application of Taylor’s formula. For 
since 7 = u 


Qn, 1’, = Au, u’, 7) + — + — 
+ — — w’) + — — 0). 


The third term on the right evidently vanishes, and the last 
also because 


0=2,-—2, =2,An' — wv’). 


224 THE PROBLEM OF LAGRANGE. [Feb., 


The matrix Q,,~ is precisely the matrix R. 

Let V, W be two matrices of order n whose columns belong 
to solutions of equations (1), as described in the preceding 
paragraphs, without being necessarily conjugate to each other. 
Let A(z, &) represent the determinant of order 2n 


V(x) 
Vg) 


The first of the two theorems mentioned is then as follows: 

If at every point of an interval x, < x < m% the quadratic 
form with matrix R is positive definite, and if furthermore there 
exists a conjugate system U with determinant | U | + 0 on the 
interval, then on the same interval the determinant A(x, &) 
vanishes only at x = £ or else is identically zero. 

Under the hypothesis of the theorem a solution (n, u) of 
equations (1) having elements 7 vanishing simultaneously 
at two points £ and &’ of the interval in question must be 
identically zero. For the derivative of the function 
n-(Q, — Q,) expressed by formula (5) is clearly positive or 
zero between £ and £’ since the quadratic form with matrix 
R is positive definite. If the elements of 7 vanish at ~ and 
’, so does the function 7-(Q2,,— Q,), and the derivative of 
this function must be identically zero between £ and ?’. 
In that case the elements of 7’ — u’ = » are identically zero, 
and equations (7) and (6) show that the functions ¢ are 
constant. The elements of 7 can not then vanish at all 
unless the elements of ¢ are all zero, since the determinant of 
the matrix U in equations (4) is different from zero. 

If A(é’, &) = 0 for a value é’ + &, it is always possible to 
find a set of functions 


n(x) = V(a)-e + W(z)-d 


linear in the 2n constants ¢ and d and vanishing at é and ?’. 
These functions 9 belong to solutions of the linear equations 
(1), and by the reasoning of the preceding paragraph must 
be identically zero. But in this case it follows readily that 
A(z, £) = 0 since ¢, d are not both zero. 

It can be shown that for every point £ there exists a matrix 
U of conjugate solutions with determinant different from zero 
at £.* The last theorem then shows that the zero x = & 


* Von Escherich, Wiener Berichte, vol. 108 (1899), p. 1339; Bolza, loc. 
cit., p. 627. 


A(x, §) = 
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of the determinant A(z, £) is an isolated one. This is the 
second theorem of Bolza mentioned in the introduction above. 

The formula (5) is identical with a formula of von Escherich* 
when the values of c from equations (4) are substituted and 7 
replaced by z. The proof here is, however, of an entirely 
different character and by far more simple than his. Bolza 
uses the formula of von Escherich for the purpose of trans- 
forming the second variation, and with the help of this trans- 
formation deduces the theorem last given. This process 
seems very much less direct than the argument given above. 

University or Cuicaco. 


CONCERNING A NON-METRICAL PSEUDO- 
ARCHIMEDEAN AXIOM. 


BY DR. ROBERT L. MOORE. 


(Read before the American Mathematical Society, April 26, 1913.) 


§ 1. Introduction. 


Let H, denote Hilbert’s plane Axioms of Groups I and II} 
or Veblen’s Axioms I-VIII.{ Let H, denote H, together with 
Desargues’ theorem§ (considered as an axiom) and Hilbert’s 
III (axiom of parallels). It is well known that if a two- 
dimensional space S satisfies H, together with Hilbert’s 
congruence axioms of Group IV and the archimedean axiom 
that of any two non-congruent segments some multiple of 
the smaller is larger than the greater, then S is either an ordi- 
nary euclidean space of two dimensions or an everywhere 
dense subset of such a space. 

Consider the following non-metrical pseudo-archimedean 
axiom: 

Axiom A. [If (1) the points of a line | (Fig. 1) are divided 
into two sets S, and S_ such that no point of either of these sets 
is between two points of the other one and such that no point P is 

* Loc. cit., p. 1283, formula (9); Bolza, loc. cit., p. 630, formula (68). 

7 D. Hilbert, Foundations of Geometry, translated by E. J. Townsend, 
Open Court Publishing Co., Chicago, 1902. 

tO. Veblen, “A system of axioms for geometry,” Transactions Amer. 


Math. Society, vol. 5 (1904), pp. 343-384. 
§ Cf. Hilbert, loc. cit., p. 71. 


226 A NON-METRICAL PSEUDO-ARCHIMEDEAN AXIOM. [Feb., 


between every point of S, distinct from P and every point of Se 
distinct from P, (2) A and B are distinct points on the same side 
of l, (3) ¢ is a triangle whose interior contains a point of S, and 
a point of Se; 

then there exists within t, and on the far side of | from A and 
B, a point C such that the interior of the triangle ABC contains 
a point of S; and « point of Se. 

In the present paper it will be shown that every two- 


Fig. 1. 


dimensional space that satisfies H, and Axiom A is equivalent, 
from the standpoint of analysis situs, either to an ordinary 
euclidean space of two dimensions or to an everywhere dense 
subset of such a space. For a precise formulation of this 
proposition and for a theorem concerning the part that Axiom 
A e¥ in connection with the system Hz, the reader is referred 
to § 3.* 

In view of these results it is clear that the non-metrical 
Axiom A plays a réle which is, in certain respects, analogous 
to that played by the above mentioned metrical archimedean 
axiom. 


§ 2. Deductions from H, and Axiom A. 


THEOREM 1. Jf P isa point on a line l, then there exist on | 
two countably infinite sequences of points Ay, Az, A3, «++ and 
B,, Be, Bs, --- such that (1) for every m and n, P is between 
Am and By, (2) Any and Bry are between A, and By, (3) if 
P’ + P there exists an n such that the segment A,B, does not 
contain P’. 

Proof. There exist points 0, M,, N, A and C such that O 
is on 1 but distinct from P, M, is not on l, P is between M, 
and N, A is within the angle NPO and C is between A and 


* With regard to another form of non-metrical pseudo-archimedean 
axiom, see references to Vahlen in §§ 2 and 3 below. 


t 
S, S, 
T 
B 
A 
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P. The segment AM, contains a point A; in common with 
the ray PO. The segments CM, and PA, have a point A, 
in common. There exists a point M2 on the segment PM, 
and in the order 44,.M2. The segments (M2 and PA, have 
in common a point A;. Continue this process. In general, 
for every n the following orders hold: 4A,Mn, PAniiAn, 
CAnii1M,. Suppose there exists, on the ray PO, a point X 
such that no point of the sequence A, 42, A3, --- is between 
Pand X. Let S, denote the set of all such points [X] together 
with all points [Y] such that, for some X, Y is on the ray XP. 
Let S, denote the set of all other points of the line /. With the 
assistance of Axiom A it can be shown that there exists, 
within the angle OPM, a point Z such that the interior of 
the triangle ACZ contains at least one point K belonging to 
S, and at least one point A, of the sequence A, Ae, A3, ---. 
It is clear that Am+; is between P and K. Thus the supposi- 
tion that there exists a point X as described above leads to a 
contradiction. It follows that, for every point P’ on the ray 
PO, the segment PP’ contains a point of the sequence A, Ae, 
A;, ---.* Similarly, there exists on the ray PO’ (where 0’ 
is a point in the order OPO’) a sequence of points Bi, Bs, 
B;, --- such that, for every n, B,4; is between B, and P and 
such that if P’ is a point on the ray PO’ then the segment PP’ 
contains a point of the sequence Bi, B,, B3, ---. It is clear 
that the sequences A,, Az, A3, --- and B,, Be, Bs, --- satisfy 
conditions (1), (2) and (3). 

THEOREM 2. [If the points of the line l’ are divided into two 
sets S, and S2 such that no point of either of these sets is between 
two points of the other one, then there exist two sequences of 
points Ay, Ad’, A3’, and By, B,’, By, eve such that (a) 
every A,’ belongs to S; and every B,’ belongs to Se, (b) for every 
n the points Anyi’ and are between A,’ and B,’, uf 
C’ and D’ are distinct points on I’, there exists n such that the 
segment A,’B,’ does not contain both C’ and D’. 

Proof. There exist two points A and B lying on the same 
side of /’ (Fig. 2). Between A and B there is a point P. Let 
1 denote the line AB. By Theorem 1 there exist, on the rays 


*In connection with two or three theorems in his paper ‘‘Curves in 
non-metrical analysis situs with an application in the calculus of varia- 
tions,” Lennes makes use of an axiom (which I will call Axiom B) to the 
effect that P is a limit point of the sequence A1, Az, As, ---. Cf. Amer. 
Jour. of Mathematics, vol. 33 (1911), p. 305. Cf. also K. T. Vahlen, 
Abstrakte Geometrie, Leipzig, 1905, p. 156. 


228 A NON-METRICAL PSEUDO-ARCHIMEDEAN AXIOM. ([Feb., 


PA and PB respectively, sequences Ai, Ao, As, --- and B,, 
B,, Bs, --- satisfying conditions (1), (2) and (3). By Axiom 
A there exists, on the remote side of l’ from A, a point 0; 
such that the interior of the triangle A,0,B, contains a point 
Aj’ of S; and a point B,’ of S,. Within the triangle A;’0,B,’ 
there is a point 0, such that the interior of the triangle A,0.B, 


A; A, B, l 


T 
Fig. 2. 


contains a point A,’ of S; and a point B,’ of S, in the order 
Be’ B,’. Continue this process. In general, the point 
0,41 is within the triangle A,’0,B,’, the points A,’ and B,’ 
belong to S; and S, respectively and are both within the 
triangle A,0,B,, and the points A,’, Ans’, Br’, Buys’ are in 
the order An’ Ani:’Bnys'B,’. It is clear that the sequences 
Ay’, Ao’, Az’, --- and By’, B;’, --- satisfy conditions (a) 
and (b). That they satisfy condition (c) may be proved as 
follows. 

Suppose that they do not satisfy condition (c). Then there 
exist, on /’, two distinct points C’ and D’ such that for every 
n the segment A,’B,’ contains both C’ and D’ and such that 
D’ is between C’ and every B,’. But between C’ and D’ 


An 
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there is a point 0. There exists a point T in the order OPT. 
There exist on the line / points C and D in the orders TCC’ 
and TDD’. There exists m such that A,, and B,, are both 
between C and D. If neither A,,’ nor B,,’ is between C’ and 
D’ then the lines A,,A»’ and B,,B,,’ intersect in a point within 
or on the triangle TCD. But by hypothesis they intersect 
on the remote side of l’ from A and B. Thus the supposition 
that condition (c) is not satisfied here leads to a contradiction. 

DEFINITION 1. Two segments AB and CD are said to be 
separated if no point or end point of AB is either a point or 
an end point of CD. Two triangles are said to be separated 
if no point of either of them is on or within the other one. 

DerIniTIon 2. Suppose ty, is a countable sequence 
of triangles such that (1) for every n, t,4: is within t,, (2) if 
each of the segments AB and CD intersects every t,, then 
AB and CD are not separated. Then the set of all triangles 
{t] such that the interior of ¢ contains some triangle of the 
sequence t, h, ts, --- is called an ideal point. The sequence 
th, tb, ts, --- is said to be a fundamental sequence for this ideal 
point. If a is an ideal point, ¢, denotes one of the triangles of 
which a@ is composed. 

DeriniTIon 3. If the line / intersects every triangle of the 
ideal point a then / is said to contain a, and a is said to le 
on l. If some triangle of a lies on a given side of / then a 
is said to lie on that side of 1. 

THEOREM 3. If a and B are distinct ideal points then there 
exist two triangles which belong to a and B respectively and are 
separated from each other. 

THEoREM 4. [f t,’ and t,” are triangles belonging to the ideal 
point a then there exists a triangle t,'’ belonging to a and lying 
within both t,’ and t,’’. 

THeorEM 5. If A isa real point, the set of all triangles 
whose interiors contain A is an ideal point.* 

THEOREM 6. If the points of the line l' are divided into two 
sets S, and S, such that no point of either of these sets is between 
two points of the other one then there exists an ideal point a 
such that every triangle of a contains a point of S; and a point 
of So. 

Proof. There exist, in S, and S_ respectively, sequences 


* The ideal point which is determined in this way by the real point A 
will be denoted by the symbol A*. 
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Ay’, Az’, As’, and By’, By’, B;’, --- satisfying conditions 
(a), (6) and (ce) of Theorem 2. There exist points P and P 
lying on opposite sides of l’. It follows with the help of 
Theorem 1 that there exist on the segments PA,’ and PB,’ 
respectively sequences of points A;, A2, A3, --- and B,, Bo, 
B;, --- in the orders PA;A2---A;’ and PB,B;---B,’ and such 
that if X is on the ray A;’P and Y is on the ray B,’P then there 
exists m such that A,, is between X and A,’ while B,, is between 
Y and B,’. Similarly there exist, on the PAy’ and 


PB,’ respectively, sequences Az, A As, and B, 
in the orders PA,A2---A;’ and PBB. - - By’ and such 
if X is on the ray Ay’, 'P and Y is on the ray B,’P then there 


exists m such that A, is between X and A,’ while By is 
between Y and B,’. For each n the segments A,’B, and 
B,'A, have a point O, in common. There exist points C, 
and D, in the orders O,An41'Cn, An'CaBn, OnBnis'Dn, Bn'DnAn- 
Let #, denote the triangle 0,C,D,. Let a denote the set of 
all triangles [é] such that, for some n, ¢, is within ¢t. It can 
be proved that a@ is an ideal point. Every triangle of a 
contains a point of S; and a point of S2. 

THEOREM 7. [If the real points A and B and the ideal point 
a all lie on the same side of the line | and a is not on the line 
AB then there exists a point C, on the same side of l as A, such 
that the interior of the triangle ABC contains some triangle of a. 

Proof. Suppose there exists no such point C. If ¢ is any 
triangle of a which has no point in common with the line AB, 
there exist lines a, and 5, containing A and B respectively 
such that (1) the interior of ¢ is entirely on the A-side of 5; 
and entirely on the B-side of a;, (2) the perimeter of ¢ contains 
a point of a, and also a point of b;. Let ¢ denote a definite 
triangle of a whose perimeter has no point in common with 
either 1 or AB. Let t, b, ts, --- be a fundamental sequence 
of triangles of a such that ¢, lies within?. For every triangle 
t that lies within 4, a; intersects the perimeter of 4 in two 
points A, and A,’ in the order AA,’ A, while intersects the 
perimeter of ¢, in points B, and B,’ in the order BB,’B,. 
Let A,Y,B; denote that arc* of the perimeter of t, whose 
end points are A; and B; and which contains neither A;’ nor 
Then clearly, for every n, A;,Y:,B,, contains 
B,,,,. There are two cases to be considered. 


* This arc is either a segment or a broken line. 


i 
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Case I. Suppose there exist two points A and B such that 
on A;,Y;,B;, the order A;,A,,ABB,,B,, holds true for every n. 
Then each of the two segments AA and BB intersects every tp. 
Thus a contradiction is reached. “i 

Case II. Suppose there do not exist two such points A 
and B. Then it may be easily proved with the help of Axiom 
A that there exists, within the triangle 7, a point C such that 
AC and BC intersect ¢, in points A’ and B’ respectively such 
that, for some n, the order A;,A’A;B,B’B,, holds true and 
thus ¢, lies within the triangle ABC. Thus again a contra- 
diction is obtained. 

THEOREM 8. If a and B are two distinct ideal points which 
do not both lie on the line | then there do not exist on | two distinct 
points A and B such that for every t,, tg and point P of the seg- 
ment AB there is a line through P that intersects t, and t,. 

Proof. Suppose there exists such a segment AB. Suppose 
a is not on / (Fig. 3). There exist two separated triangles 7, 


Fig. 3. 


and é, belonging to a and @ respectively. There exists a 
line J distinct from J such that 7, and Z, lie on different sides 
of 1. There exist, on the segment AB, points C and D such 
that / contains neither C nor D nor any point between C and 
D. There exist E and F in the order CEFD. Suppose* 7, 
is on the same side of J as E. By Theorem 7 there exists a 
point P on the E-side of / and a triangle ¢,’ belonging to a 
such that ¢,’ lies entirely within the triangle EPF. Clearly 
i, is entirely without the triangle EPF. There exist points 


*Every other case may be either easily disposed of or reduced to a case 
which is, apart from notation, the same as this one. 


D 
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E’ and F’ in the orders EPE’ and FPF’. If every triangle 
of 6 contained a point within the angle EPF’ and also a point 
within the angle FPE’ then each of the lines EP and FP 
would intersect every triangle of 8. But not every triangle 
of 8 contains P. Thus 8 would not be an ideal point according 
to Definition 2. It follows that one of the angles EPF’ and 
FPE’ is such that some triangle of 8 contains no point within 
or or that angle. Suppose this is true of the angle FPL’. 
Then, by Theorem 4, there exists a triangle belonging to 8 
and containing no point within or on the triangle EPf or 
within or on the angle FPE’. There exists, between E and P, 
a po nt G such that no point of t,’ is within the triangle FEG. 
But for every ¢, there is a line passing through F and inter- 
secting f,’ and tz. It follows that every tg, contains a point 
within the angle HGP where H is a point in the order FGH. 
Hence there exists a triangle t,’ belonging to 6 and lying 
entirely within the angle CEP. There exist points J, J and 
T in the orders CIE, EJP, FTP and IJT and such that t,’ 
is within the triangle ITF while ¢,’ is within the angle JJP. 
But J is collinear with a point of ¢,’ and a point of ¢,’. It 
follows that ¢,’ contains a point within the triangle IJE. 
But ¢,’ is entirely within the angle JP. Thus the supposition 
that Theorem 8 is false leads to a contradiction. 

Derinition 4. If a and £ are distinct ideal points, the 
ideal line a is the set of all ideal points [7] such that for every 
t., tg, t, there exist three collinear real points A, B, C such 
that A is within t,, B is within ¢, and C is withint,. If a, B 
and vy are distinct ideal points such that for every t,, tg, t, 
there exist real points A, B and C within t,, ts and t, respec- 
tively and in the order ABC then a@ £ and y are said to be 
in the order aBy. 

THEOREM 9. If A and B are two distinct real points and a 
and 6 are two distinct ideal points such that neither A* nor B* 
as on the ideal line a8, and if, furthermore, for every two triang es 
t, and tg, belonging to a and B respectively, there exists, between 
A and B, a point which is collinear with some point of t, and 
some point of tz then there exist t, and tg such that every point of 
L which is collinear with a point of t, and a point of tg lies be- 
.ween A and B and there exists, on the ideal line aB, an ideal 
point y in the order A*yB*. 

THEOREM 10. If a and 8B are distinct ideal points, there 
exists an ideal point y in the order aBy. 
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THEOREM 11. If a, 8 and y are three ideal points in the 
order and t,, tg, are mutually separated triangles belonging 
to a, B and vy respectively, then there exists tg such that (1) every 
point of t, ‘s collinear with some point of t, and some point of 
t,, (2) of P., Ps, P, are collinear points belonging to t,,t, and t, 
respectively then P,, Pg, P, are in the order P,P,P,. 

THEOREM 12. [f the ideal points a, B, y are in the order 
aBy then they are not in the order Bya. 


THEOREM 13. [If the ideal point B lies on the ideal line ay 
then for every t, there exist t, and t, such that every line that 
intersects t, and t, intersects also tg. 

Proof. There exists, within t,, a triangle ¢,’ belonging to 8. 
For every ¢, and t, there is a line intersecting ¢,, t, and t,’. 
It follows with the aid of Theorem 9 that, for some lettering 
A, B, C of the vertices of tg’, it is true that, for every point X 
in the order ABX there exist triangles t,x and t,x belonging 
to a and y respectively such that every line that intersects 
tx and t,x intersects also the segment AX. But X may 
be chosen within the triangle tz. Thus there exist ¢, and t, 
such that every line that intersects both ¢, and t, intersects 
also tg. 

THEOREM 14. If 71, yo, v3 are three distinct ideal points 
lying on the ideal line aB then y; is on the ideal line 273. 

Proof. Suppose ty,, ty, and ty, are triangles belonging to 
‘1, Y2 and 3 respectively. By Theorem 13 there exist tri- 
angles ¢,™, ¢,, t,, belonging to a, and triangles t,“, t,, 
ts, belonging to 8, such that if i = 1, 2 or 3 then every line 
that intersects ¢,“ and t, intersects also th, But by 
Theorem 4 there exist ?, and é, belonging to a and 8 respec- 
tively such that #, is within every t,? and Zé, is within every 
tz (¢ = 1, 2, 3). Every line that intersects ¢, and ¢, must 
intersect ty,, ty, and ty,. It follows that +; is on y273. 

THEoREM 15. If a, B, y and 6 are four distinct ideal points 
no three of which are collinear* and for every t,, tg, t,, ts there 
exists a point which is collinear with a point of t, and a point of 
tg and which at the same time is between a point of t, and a 
point of ts, then there exists, on the ideal line a8, an ideal point 
in the order 


Proof. Since no three of the points a, B, y and 6 are 


* Three or more ideal points are said to be collinear if there exists an 
ideal line which contains them all. 
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collinear there exist four mutually separated triangles 7,, és, 
i,, ts belonging to a, B, y, 6 respectively and such that no line 
intersecting 7, and tg intersects either 7, or %;. Let tu, ta, 
tas, tei, te, ty tyes ++, ter, bye, tgs, be 
fundamental sequences belonging to a, 8, y, 6 respectively 
and such that t,1, tg1, t,1, ts1 lie within 7,, ig, respectively. 
For each positive integer n there exists a convex polygon pp, 
of six sides or less, such that (1) with the exception of two sides, 
every side of pp is a side of t,, or a side of tsn, (2) each of the 
two remaining sides of p, has for one end point a point of ty, 
and for its other end point a point of tn, (3) the interior of pp 
contains the interiors of tj, and tj. By hypothesis there 
exists, within p,, a point X, which is collinear with a point 
of ¢,, and a point of tgn. It follows that there exists a quadri- 
lateral A,B,C,D, such that (1) every point on or within 
A,B,C,D, is between a point of t,, and a point of t;, and is 
also on some line that intersects ¢,, and tgn, (2) every point 
which is common to a line intersecting ¢,, and tg, and a line 
intersecting t,, and ts, is on or within A,B,C,D,. If there 
exists m such that for every n greater than mm the interior of 
A,B,C,D, contains a point of the diagonal A,,C,, then it 
follows with the help of Theorem 9 that there exists, on AmCm, 
an ideal point which is collinear with a and 8 and, at the same 
time, is between y and 6. If there exists no such m then the 
sequence of triangles A,;B,C;, A:C\D;, A2B2C2, ---, 
contains, as a subsequence, an infinite sequence t,, te, --- 
such that, for every n, t,;: is within t,. There do not exist 
two separated segments each of which contains a point of 
every t,. For if there did exist two such segments, 8; and %, 
they would* contain two ideal points « and & respectively 
such that ¢, and & are both on af and both on 7¥é and therefore, 
by Theorem 14, a, B, y and 6 would be collinear, which is 
contrary to hypothesis. Hence if « denotes the set of all 
triangles [tf] such that the interior of ¢ contains at least one 
tr:angle of the sequence t,, f, t3, --- then € is an ideal point. 
It is clear that ¢ is between y and 6 and collinear with a and 6. 

THEOREM 16. If a, B and y are non-collinear ideal points 
and 6 and «¢ are two ideal points in the orders aB6 and Bey then 
there exists, on the ideal line 5€, an ideal point n in the order yna. 


Proof. There exist mutually separated triangles t,1, tg1, 


* Cf. Theorem 9. 
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ty, ter, tea, belonging to a, B, 7, 5, € respectively and such that 
no point of ¢,, is on a line intersecting t., and tg:. If t.2 and 
tg are triangles of a and 6 respectively lying within ¢,; and ty 
respectively then, by Theorem 11, there exists, within t,1, a 
triangle tg. belonging to 8 and such that every point of tse 
is between some point of t,2 and some point of t. Let t,, and 
t.2 denote triangles belonging to y and e¢ respectively. By 
hypothesis there exist within t,o, t2 and t,,, three points, Pr, 
P, and P, respectively, in the order PgP.P,. There exist 
points P, ‘and P; within t,2 and ty» respectively and in the 
order P,P,P;. Since P,, Pg and P, are not collinear and 
furthermore P, is between P, and P ;while P, is between P, 
and P,, it follows that there exists a point P, in the orders 
P;P.P, and P,P,P,. It follows by Theorem 15 that there 
exists, on the ideal line de, an ideal point 7 in the order yya. 

THEOREM 17. If the points of an ideal iine are divided into 
two sets S, and S2 such that no point of either of these sets is 
between two points of the other one, then there exists an ideal 
point a which lies between every point of S, distinct from a 
and every point of S distinct from a. 

THEOREM 18. The set of all ideal points satisfies Veblen’s 
Axioms I-VIII, XI (also Hilbert’s plane axioms of Groups I 
and II together with the Dedekind cut postulate). 


§ 3. Conclusion. 


Derinition. A space S consisting of a definite system of 
points and lines subject to definite relations of alignment and 
order is said to be descriptively equivalent to a subset S’ of an 
ordinary euclidean space E if there exists between the points 
of S and the points of S’ a one-to-one reciprocal correspondence 
preserving collinearity and order.* 

Derrinition. A two-dimensional space S consisting of a 
definite system of points and lines subject to definite relations 
of alignment, and order is said to be equivalent, from the stand- 
point of analysis situs, to a subset S’ of a two-dimensional 
euclidean space E if there exists, between the points of S 


* The statement that such a correspondence preserves collinearity and 
order signifies that if A, B, C are three poinis of S and A’, B’, C’ respec- 
tively are the corresponding points of S’ then A, B, C are in the order ABC 
on a line in S if and only if A’, B’, C’ are in the order A’B’C’ on a line in E. 
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and the points of S’, a one-to-one reciprocal correspondence 
preserving limits.* 

The following theorems may be easily established with 
the assistance of Theorem 18 of § 2 and Theorem IV of my 
paper “On a set of postulates which suffice to define a number- 
plane.” 

THeoREM A. Every two-dimensional space that satisfies 
Hiibert’s plane axioms of Groups I and II (or Veblen’s I-V III) 
together with Axiom A is equivalent, from the standpoint of 
analysis situs, either to a two-dimensional euclidean space or 
to an everywhere dense subset thereof. 


THEOREM B.{ Every two-dimensional space that satisfies 
Hilbert’s plane axioms of Groups I, II and III (or Veblen’s 
I-VIII, XII) together with Desargues’ theorem and Axiom A 
is descriptively equivalent either to a two-dimensional euclidean 
space or an everywhere dense subset thereof. 


Corotiary. Pascal’s theorem§ is a consequence of Hilbert’s 
plane axioms of Groups I, II and III together with Desargues’ 
theorem and Axiom A. 

THE UNIVERSITY OF PENNSYLVANIA. 


A TYPE OF SINGULAR POINTS FOR A TRANS- 
FORMATION OF THREE VARIABLES. 


BY DR. W. V. LOVITT. 
(Read before the American Mathematical Society, December 31, 1915.) 


In the Transactions for October, 1915, I discussed some 
singularities of a point transformation in three variables 


(1) o(u,v7,w), y=Y(u,r7,w), z= x(u, v, w) 


* The statement that such a correspondence reserves limits signifies 
that if A is a point of S, M is a point set of S, rt A’ and M’ respectively 
are the corresponding point and point set of ’S’ then P is a limit point of 
M if, and only if, P’ is a limit point of M’. Here P is said to be a limit 
point of M if, and only if, every triangle of S that contains P within it 
contains within it at least one point of M distinct from P. 

LF) - pase of the American Mathematical Society, vol. 16 (1915), 
pp. 27- 

{For a corresponding theorem regarding Axiom B (cf. footnote in § 2) 
see "Vahlen, loc. cit., pp. 158-163. 
§ Cf. Hilbert, loc. cit., p. 40. 
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with determinant 
ou dw 
J(u, v, w) = Vu Vo Ww!- 
Xu Xv Xw 
In that paper the functions ¢, ¥, x were not necessarily 
analytic but it was presupposed that 
(a) the functions ¢, y, x are of class C’’’* in a neighborhood 
of the origin (u, », w) = (0, 0, 0); 
(b) the following initial conditions are satisfied: 
¢(0, 0, 0) = y(0, 0, 0) ae x(0, 0, 0) = 0; 
(c) J(0, 0, 0) = 0; 
(d) at the origin (u, v, w) = (0, 0, 0) at least one of the 
determinants of the matrix 
J, u J, wD J w 
ou Pw 
vo Vo 
Xu Xv Xw 
is different from zero. 


In the present note I desire to show that the results of that 
paper apply to a transformation of the form 


f(z, y, 23 u, v, w) = 0, 
(2) g(x, y, 2; w) = 0, 
h(x, y, 2; u,v», w) = 0. 


The functions f, g, h are not necessarily analytic but it will 
be presupposed that 

(a’) the functions f, g, h are of class C’” in a neighborhood 
of the origin (2, y, z; u, v, w) = (0, 0, 0; 0, 0, 0); 

(b’) the following initial conditions are satisfied: 


f(0, 0, 0; 0, 0, 0) = g(0, 0, 0; 0, 0, 0) = (0, 0, 0; 0, 0, 0) = 0, 


yn pa US 
O(u, v, w) 
(d’) at the origin (x, y, 2; u, v, w) = (0, 0, 0; 0, 0, 0) at 

jeast one of the determinants of the matrix 
* We shall say that a single-valued function f of (u, v, w) is of class C’”’ 


if f(u, v, w) and its partial derivatives of orders one, two, and three are 
continuous in a region in which f is defined. 


= 0, at the origin; 
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BD 
le fe fe 
Ju Go 
he hy he 
is different from zero; 
2 Y>s h 
(e’) ee + 0, at the origin. 


Assumption (e’) assures us of the existence of a solution of 
equations (2) of the form of equations (1). We shall now 
consider that equations (1) have been obtained from (2), 
and proceed to show that, on account of the conditions 
(a’), (b’), (c’), (d’), (e’), equations (1) satisfy the conditions 
(a), (b), (ce), (d). 

Assumptions (a) and (6) follow at once from (a’) and (b’) 
as a result of the ordinary theorems on implicit functions.* 
From the equation 


(3) g, h) A(z, y, 2) _ Of, g, h) 
y, 2) O(u,v,w) A(u, v, w)’ 


on account of our assumptions (c’) and (e’), we find 


O(z, y, 2) 


aoe = 0, at the origin. 


The left hand member of the last equation is the jacobian 
J of the equations (1) and hence the condition (ce) is satisfied. 
From equation (3) it follows, on account of (e’) and (c), that 
if not all of B,, B,, By, then also not all of Ju, Jo, J», vanish 
at the point in question. It is easily verified that if the 
determinant B is of rank two, then also is the determinant J 
of rank two. Hence it follows from assumption (d’) that the 
assumption (d) is satisfied. 

That the determinant J is of rank two is seen as follows. 
Let a, B stand for some two of the variables u, 1, w. Then 


Seba t fixe = — fas 

+ + = — Jas 

+ We + 92X8 = — 

* See Bliss, Princeton Colloquium Lectures, p. 8. 
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Whence 


Now if the determinant B is of rank two we must have 


f.98 — fe9. + 0, at the origin; 


whence it follows that some one of the functional deter- 

minants appearing on the right hand side of the last equality 

does not vanish at the origin, and hence J is of rank two. 
Pourpve UNIVERSITY. 


THE HISTORY OF THE CONSTRUCTION OF THE 
REGULAR POLYGON OF SEVENTEEN SIDES. 


Die elementargeometrischen Konstruktionen des regelméssigen 
Siebzehnecks. historisch-kritische Darstellung. Von R. 
GoLpENRING. Leipzig und Berlin, Teubner, 1915. 8vo. 
6+69 pp. Price 2.80 marks. 

Tix near the close of the eighteenth century, mathema- 
ticians felt sure that the only regular polygons which could 
be constructed with ruler and compasses were those known to 
the Greeks. But the extraordinary discoveries of Gauss, while 
yet in his teens, greatly extended this class of polygons and 
settled for all time the limits of possibilities for such con- 
structions. In this connection the discovery that the regular 
polygon of seventeen sides could be constructed with ruler and 
compasses was not only one of which Gauss was vastly proud 
throughout his life, but also, according to Sartorius von Wal- 
tershausen,* one which decided him to dedicate his life to the 
study of mathematics. Two of Gauss’s notes recording this 
turning point of his career have been preserved. The very first 
entry in his “ Wissenschaftliches Tagebuch 1796-1814” f is: 

“ Principia quibus innititur sectio circuli ac divisibilitas 
eiusdem geometrica in septemdecim partes etc. Mart. 30. 
Brunsvigae.” And again, in his own copy of his Disquisitiones 

* Gauss zum Gedichtniss, Leipzig, 1856, p. 16. 


t This was “mit rerausgegeben von F, Klein,” Math. 
Annalen, Band 57 (1903), pp. 1-34. 
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Arithmeticae* he wrote the following noteft in the margin 
beside article 365: “‘ Circulum in 17 partes divisibilem esse 
geometrice, deteximus 1796 Mart. 30.” 

The first published announcement of this discovery occurred 
about two months later in the Jntelligenzblatt of the famous 
Allgemeine Literatur-Zeitung.t As files of this periodical are 
rare§ on this side of the Atlantic, it would seem to be worth 
while to make more accessible an exact transcription of the 
announcement. It is as follows:— 


“TIT. Neue Entdeckungen. 


Es ist jedem Anfanger der Geometrie bekannt, dass verschie- 
dene ordentliche Vielecke, namentlich das Dreyeck, Viereck, 
Funfzehneck, und die, welche durch wiederholte Verdoppelung 
der Seitenzahl eines derselben entstehen, sich geometrisch 
construiren lassen. So weit war man schon zu Euklids Zeit, 
und es scheint, man habe sich seitdem allgemein iiberredet, dass 
das Gebiet der Elementargeometrie sich nicht weiter erstrecke: 
wenigstens kenne ich keinen gegliickten Versuch, ihre Grenzen 
auf dieser Seite zu erweiten. 

Desto mehr, diinkt mich, verdient die Entdeckung Auf- 
merksamkeit, dass ausser jenen ordentlichen Vielecken noch eine 
Menge anderer, z. B. das Siebenzehneck, einer geometrischen 
Construction fihig ist. Diese Entdeckung ist eigentlich nur 
ein Corollarium einer noch nicht ganz vollendeten Theorie 
von grésserem Umfange, und sie soll, sobald diese ihre Vol- 
lendung erhalten hat, dem Publicum vorgelegt werden. 

C. F. Gauss, a. Braunschweig, 
Stud. der Mathematik zu Gottingen. 

Es verdient angemerkt zu werden, dass Hr. Gauss jetzt in 
seinem 18ten Jahre steht, und sich hier in Braunschweig mit 
eben so gliicklichem Erfolg der Philosophie und der classischen 
Litteratur als der héheren Mathematik gewidmet hat. 

Den 18 April 96. 

E. A. W. Zimmermann, Prof.” 


Five years later Gauss published the “ Theorie von grésserem 
Umfange” in his Disquisitiones Arithmeticae. The only 
other reference to the regular polygon of seventeen sides, in 


* Lipsiz, 1801; also in roe Bd. 1, Géttingen, 1870. 
+ Cf. Werke, Band 1,p 
t Nr. 66, 1 Junius, ite, ol 554. Two mistakes in this reference are 
made by Klein, l.c. 
§ There is a "set in the library of Columbia University. 
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Gauss’s Werke, is in connection with a report of a paper de- 
livered by Erchinger before the Royal Society of Géttingen 
in 1825.* Gauss gives Erchinger’s geometrical construction 
of the regular 17-sidej and remarks that it flows naturally 
from equations which he had given in the Disquisitiones. He 
then points out that the merit of Erchinger’s paper was not 
so much in this construction as in the synthetic “ prooft of 
its correctness and this is carried through with such admirable, 
painstaking care to avoid anything not elementary, that it 
reflects honor on the author and inspires the hope, that his 
truly uncommon mathematical talent may find every encour- 
agement.” While Gauss refers to two of the earlier synthetic 
constructions of Paucker,§ he remarks that that of Erchinger 
is “ different and carried through more in the spirit of pure 
geometry.” 

Goldenring commences his little work by showing that the 
problem of the solution of the equation 2” = 1 may be re- 
duced to the solution of certain quadratic equations. Geo- 
metrical solutions of such equations are indicated in the next 
nine pages. Then follow about a score of geometrical con- 
structions for the regular polygon of seventeen sides. They 
include, of course, the geometrographical construction of 
Giintsche (1902), the so-called Steinerian constructions of 
von Staudt (1842) and Schréter (1872), and the Mascheronian 
construction of Gérard (1897). Two of the constructions given 
are claimed as new: one by Professor Haussner, of the Uni- 
versity of Jena, to whom the book is dedicated, and one by 
the author himself, through inversion of the von Staudt- 
Schréter figure. In an appendix (pages 65-66) is given, 
without any indication of authorship, a construction by means 
of a right angle.|| 


*“Geometrische Construction des regelmissigen Siebenzehnecks,” 
Goettingische Gelehrte Anzeigen, Dec. 19, 1825, no. 203, p. 2025; Werke, 
Band 2, pp. 186-187. See also Bulletin "des Sciences mathématiques, vol. 5 
pp. 299-300. 

t Curiously enough, Goldenring gives the impression (pages 15 and 68) 
that Erchinger’s construction is ope id 

t Unfortunately this proof has not i preserved. 

(1) “Geometrische Verzeichnung des regelmiassigen 17-Ecks und 
257-Ecks in d. Kreis,” Jahresverhandl. d. kurléndische Gesellschaft fiir 
Literatur und Kunst, Mitau, Band 2, 1822. Apparently unknown to 
Goldenring. (2) Die ebene Geometrie der geraden Linie und des Kreises. 
KGnigsberg, 1823, p. 187. Paucker is also the author of: (3) De divisione 
geometrica peripherize circuli in XVII partes equales, K6nigsberg, 1817. 
This date is incorrectly given as 1814 by Goldenring. 

|| This is due to Adler, Theorie der geometrischen Konstruktionen, 
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Until the publication of Goldenring’s pamphlet the most 
elaborate account of the work done in connection with con- 
structions of the regular 17-side was in the sketch by E. Daniele, 
“Sulle costruzioni dell’ ettadecagono regolare.”* While 
Goldenring has performed a service in presenting something 
much more elaborate, which is also usefully arranged, it is far 
from being anything like complete. The only reference to 
Gauss is to his Disquisitiones and at least two geometrical 
solutions, published several years before Erchinger’s, are 
nowhere mentioned. These are by John Lowry (1819)f 
and Samuel Jones (1820).{ Again, we are informed (page 67) 
that Ampére’s construction announced to the French Academy 
in 1835§ “ does not appear to have been published ”’; but surely 
this is the solution “ attribuée 4 Ampére,” published, since 
1844, in at least five editions of La Frémoire and Catalan’s 
“'Théorémes et problémes.”||_ This solution was also given 


Leipzig, 1906, p. 227. See also A. Mitzscherling, Das Problem der Kreis- 
teilung, Leipzig, 1913, pp. 73-74. 

* Questioni ri anti le matematiche elementari raccolte e coordinate 
da F. Enriques. Vol..2, Bologna, 1914, pp. 167-183. 

+ The Mathematical Repository, new series, vol. 4 (1819), p. 160. Lowry’s 
proof occupies pages 160-168. 

t The paper dated “Dublin, 17th October, 1819” and read Jan. 24, 
1820, was published in Transactions of the Irish Academy, vol. 13 (1818), 
pp. 175-187. 

§ ‘Division de la circonférence de cercle,” Comptes rendus de l’ Acad. 
d. Sc., vol. 1 (1835), pp. 119-120. It is here stated that M. Ampére had 
presented to the academy a geometric figure in which was represented a 
very simple construction for dividing the circumference of a circle into 17 
equal parts. He also announced that he soon expected to read a note the 
“‘aim of which was to make clear to those who are still studying elementary 
geometry, why one can divide, with ruler and compasses, the circumference 
of a circle into a prime number of equal parts only when this number 
exceeds unity by a power of 2. M. Ampére will indicate, at the same time, 
a method leading to this end, that is to say to the desired division in all 
possible cases and that, without having recourse to any of the theories of 
higher algebra.” 

“The utility of introducing these notions into treatises of elementary 
geometry and the question of why the ancients did not discover the divi- 
sion into 17 parts were questions which led to a discussion by MM. 
Poinsot, Ampére and Libri. We abstain from giving this discussion at the 
present time since it has been indicated that it will be renewed at the time 
when M. Ampére will read the note which he has been content to simply 
announce to-day.” 

Apparently this new note was never read. Ampére died in the following 


year. 
|| Théorémes et problémes de géométrie élémentaire par H. C. de la 
Frémoire. Second édition entiérement revue et corrigée par E. Catalan. 
Paris, 1852, pp. 178-180, 207-209. Sixiéme éd. 1879, pp. 267-269, 298- 
a La Frémoire’s name no longer appears on the title page of this 
ition. 
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in abridged form by John Casey.* 

In the Bibliography (pages 67-69) there are references to 
7 pamphlets and 17 special articles on the regular polygon 
of seventeen sides, and there are some 15 references to more 
general articles or books in which the same topic is treated. 
My copy of H. A. Rothe’s pamphlet De divisione peripheriz 
circuli in 17 et 13 partes equales was published at Erlangen 
in 1805 not 1804 (page 67).| There are many omissions in 
the Bibliography. Some of these have been already indicated 
above. Here are more references which I happen to have 
met with in the last few years.{ 

J. J. Barniville, Educ. Times Repr., vol. 54 (1891), p. 28, 
question 10176—Bochow, “ Eine einfache Berechnung des 
17 Ecks,” Zeitschrift fiir Math. u. Phys. (Schlémilch), vol. 38 
(1893), pp. 250-252—A. Cayley, “‘ On the equation 2”—1=0,” 
Messenger of Math., vol. 19 (1890) pp. 184-188; Collected 
Papers, vol. 13 (1897) pp. 60-63—C. H. Chepmell, “In a 
given circle to inscribe the regular polygon of thirty-four sides,” 
Educ. Times, March, 1911; Educ. Times Repr. (2), vol. 20 
(1911), pp. 51-54—E. Collignon, “ Construction du polygone 
régulier de 17 cétés,” Ass. France. Comptes R., tome 8 
(1879), pp. 162-169—L. Gérard, “ Construction du polygone 
régulier de 17 cétés,” Bull. de Math. élémentaires, tome 2 
(mars, 1897), pp. 164-167—J. A. Grunert, “‘ Regulare Sieb- 


The Kauffmann-Reuschle German translation (Stuttgart, 1858) of the 
second edition contains (p. 155) the definite statement: “‘Der hier ange- 
filhrte geometrische Beweis ist von Am 

? ~ example in his Elements of uclid, 16th ed., Dublin, 1897, pp. 


t While there seems to be authority for the statement (p. 67) that H. 
Birnbaum’s paper, “Ueber das regulire Siebzehneck,”’ was published as a 
pamphlet in 1834 (e. g., L. A. "Sohneke’ s Bibliotheca Mathematica, Leipzig 
1854, p. 140), there was an edition in 1833 in connection with a heal 
programme, the title page of which contains the invitation: “Zu der 
Offentlichen Freitags den 29 Marz 1833 zu haltenden Priifung der drei 
obern Classen des Helmstedt-Schéningenschen Gymnasiums und zu dem 
damit verbundenen Redeacte ladet die Eltern so wie alle Freunde des 
Schulunterrichts mit geziemender Ehrerbietung ein Dr. Philipp Karl 
Hess, Professor und Director.” 

t The most extensive bibliography which has been previously pub- 
lished appeared in L’Intermédiaire des Mathématiciens, 1897, pp. 23-24, 
86, 229; 1899, p. 179; 1901, p. 221; 1902, p. 82 and 1905, p. 112. The 
contributors were H. Bocard, A. R. Ericsson, E. B. Escott, A. Goulard, 
Langel and E. Lemoine. Another any ng ml by Max Simon, i is given 
on p. 79 of his Ueber die Entwicklung der Elementar-Geometrie im XIX. 
Jahrhundert, Leipzig, 1906. The astounding inaccuracies throughout the 
book are here i in evidence; | for instance: when Berton is printed the reader 
is supposed to know that Breton (de Champ) was intended, also that 
Eninger stands for Erchinger. 
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zehneck im Kreise,” Archiv. f. Math. u. Phys. (Grunert), 
vol. 42 (1864), pp. 361-374—R. Giintsche, “ Geometro- 
graphische Siebzehnteilung des Kreises,” Archiv f. Math. u. 
Phys. (3), vol. 4 (1903)—K. Hagge, “‘ Einfache Behandlung 
der Siebzehnteilung des Kreises,” Zs. Math. Unterr., vol. 41 
(1910), pp. 320-325—J. Hoiiel, “‘ Sur le polygone régulier de 
17 cétés,” [Exposition of von Staudt’s construction], Nou». 
Annales de Math., vol. 16 (1857), pp. 310-311—S. Katayama, 
“The construction of a regular 17-sided polygon,” The Téhoku 
Math. Journal, vol. 4 (Feb., 1914), pp. 197-202—A. Padoa, 
“Poligoni regolari di 34 lati. Trattazione elementare,” 
Boll. di Mat., Bologna, vol. 2 (1903), pp. 2-10—-W. Schoenborn, 
Elementare Beweise fiir einige Gleichungen, die Statt haben 
zwischen dem Radius eines Kreises, der Seite und der Diagonale 
der eingeschriebenen reguliren 10-, 14-, 18-, 26-, 34-ecke, 
Pr. Krotoschin, 1873—Steggall, “The value of cos 22/17 
expressed in quadratic radicals,” Proc. Edinb. Math. Soc., 
vol. 7 (1888-89), pp. 4-5. 

Of additional references to general articles or books the 
following may be mentioned: B. Amiot, “ Mémoire sur les 
polygones réguliers,” Nouv. Annales de Math., vol. 4 (1844), 
pp. 264-278—J. W. Butters, “‘ On the solution of the equation 
x? — 1 = 0 (p being a prime number),” Proc. Edinb. Math. 
Soc., vol. 7 (1888-89), pp. 10-22—H. S. Carslaw, “‘ Gauss’s 
theorem on the regular polygons which can be constructed 
by Euclid’s methods,” Proc. Edinb. Math. Soc., vol. 28 (1910), 
pp. 121-128—L. E. Dickson, “ Constructions with ruler and 
compasses,” in Monographs on Modern Mathematics (1911), 
17-side: pp. 371-373—F. Giudice, “ Sulla divisione del circolo,” 
Periodico di mat. (3), vol. 9 (1912), pp. 161-169—F. Klein, 
“Elementarmathematik vom héheren Standpunkte aus,” 
Teil I, Leipzig (1908), pp. 122 ff—K. Kommerell, “‘ Uber die 
Konstruktion der regularen Polygone,” Math. Annalen, vol. 72 
(1912), pp. 588-592—I. L. A. Le Cointe, Lecons sur la théorie 
des fonctions circulaires et la trigonométrie, Paris (1858), 
p. 186f.—A.M. Legendre, Traité de trigonométrie at end of 
Eléments de géométrie, 8°™* éd., Paris (1809), § VII, “ Du 
polygone régulier de dix-sept cétés,” pp. 419-421—J. Leslie, 
Elements of geometry, geometrical analysis, and plane trigo- 
nometry, second ed., Edinburgh (1811) p. 419 f.* 

* It is also of interest to recall the passage in the letter which Sir William 


Rowan Hamilton wrote to De Morgan in 1852: “Are you sure that it is 
impossible to trisect the angle by Euclid? I have not to lament a single 
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In conclusion, let us consider approximate constructions of 
the regular 17-side.* In the seventeenth century C. Renaldini 
gave an interesting construction for any inscribed regular 
polygon.j It is as follows: “Construct on the diameter 
AB of a circumference C, an equilateral triangle ABD; divide 
AB into n equal parts; join the extremity E, of the second 
division, to the point D by the secant DEF, then AF is either 
exactly or approximately the length of the side of the required 
regular inscribed polygon of n sides.” About two centuries 
later Housel considered the accuracy of this formula for values 
of n from 3 to 17;{ for n = 3 or 4 or 6 the construction is 
exact; for n = 17 the angle subtended by AF at the center of 
the circle is about 36’ 37” too large. Other approximations 
to the regular 17-side were given by Breton de Champ§ and 
Catalan|| and Postula.§ Catalan pointed out that a closer 


hour thrown away on the attempt, but fancy that it is rather a tact, a 

than a proof, which makes us think that the thing cannot be done. 
No doubt we are influenced by the cubic form of the algebraic equation. 
But would Gauss’s inscription of the regular polygon of seventeen sides 
— seemed, a century ago, much less an impossible thing, by line and 
circle?’ 

De Morgan replied: “As to the trisection of the angle, Gauss’s dis- 
covery increases my disbelief in its possibility. When z” — 1 is separated 
into quadratic factors, we see how a construction by circles may tell. 
But, it being granted ar* + bz* + cx + d is not separable into a real quad- 
ratic and a linear factor, I cannot imagine how a set of intersections of 
circles can Want ly give no more or less than three distinct points.” Graves’ 
me of Sir Hamilton, vol. 3 (1889), pp. 433-434 

The first rigorous proof of the impossibility of the problem of the tri- 
section of an angle, under euclidean conditions, seems to have been given 
by L. Wantzel in 1837 (Liouville, tome 2, p. 369 f.). 

* These are not discussed by Golde mring. 

t De resolutione et compositione mathematica, Patavii, 1668, pp. 367— 
368. Renaldini considered that his construction was accurate in all cases. 
~ error was first shown by Schultz in his Dissertatio de circuli divisione, 


nigsberg, 1691. (See S. Giinther, Osterr. Zeitschrift fir Realschulwesen, 
3, pp. 523, 764.) For further history of this problem see A. G. Kastner, 
Geometrische "Abhandlungen, Erste Sammlung, Gottingen, 1790, pp. = 
281; also Zeits. f. Math. u. Naturw. Unterricht, vol. 28 (1897), pp. 
252-255. Renaildini’s approximate construction is sometimes attributed 
to Bion since it occurs in his Traité de la construction et des principaux 
usages des instruments de mathématiques, 4° éd., Paris, 1752. 

t “Division pratique de la circonférence en conti égales,” Nouv. 
Annales de Math., vol. 12 (1853), pp. 77-79. See also remarks on this 
article by Tempier, Now. Annales de Math., vol. 12 (1853), pp. 345-347; 
vol. 13 (1854), p. 295. 

f Theor Annales de Math., vol. 5 (1846), pp. 226-227, 340. 

|| Théorémes et problémes de géométrie élémentaire par H. C. de la 
Frémoire. Second édition entiérement revue et corrigée par E. Catalan, 
Pati, 1852, pp. 211-212. 

Catalan, Théorémes et problémes de géométrie élémentaire, 6° éd., 
p. 283. 
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approximation than that of Renaldini is found by taking for 
the side of the regular inscribed 17-side, one half the difference 
of the length of a side of the inscribed equilateral triangle and 
of a side of the regular inscribed hexagon. For the unit circle 
this leads to the length of a side of the 17-side as 0.36602, 
which differs from the correct value by about 0.001. Ac- 
cording to Renaldini’s construction the length is 1/7 
= 0.37796..., which is about 0.02 too large. 
R. C. ARCHIBALD. 


Brown UNIVERSITY, 
Provwence, R. I. 


SHORTER NOTICES. 


Plane Trigonometry and Tables. Edited by Grorce WENT- 
worTH and Davip Smits. Ginn and Company, 
1915. v+188+v-+104 pp. Price, $1.10. 

Tue formulation of the subject matter in the mind of the 
teacher largely determines the text he wants to use. This 
formulation is naturally the product of his experiences with 
texts studied and taught, and of his own cogitations on the 
subject and how he can most forcefully and successfully 
present it. The text under review fits into the plan of the 
reviewer for present purposes more happily than any of the 
many texts he has examined. 

The authors state that as to sequence of material they 
have followed the rule “that the practical use of every new 
feature should be clearly set forth before the abstract theory 
is developed.” 

The six functions of acute angles are defined as ratios and 
put to practical use. The functions of complementary angles, 
and of angles of 30°, 45°, 60° are developed on pages 7 and 
8 and put to immediate use. On page 23 appear the line 
definitions of the functions. The changes in the functions as 
the angle changes from 0° to 90° are exhibited through a 
figure giving the lines representing the six functions. Thus 
the student is brought to visualize the subject. 

The natural trigonometric functions are employed just 
long enough to be known, and to cause the first twinges of the 
vexation of multiplication, when the subject of logarithms is 
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clearly set forth. Thereafter, the sine, cosine, tangent, and 
cotangent serve all purposes in computation. The more 
serious work with right triangles follows, extending to page 77. 

The functions of any angle are introduced as ratios involving 
the coordinates of a point on the rotating line or terminal 
side of the angle; vet, as before, these functions are at once 
visualized as lines. 

The advanced theoretical portions are well presented and 
ample for any student in his college course through the 
calculus. A clear open-faced index ends the text, pages 187— 
188. 

The ten tables in the latter half of the book are so varied 
and so superior in arrangement and appearance as to be worth 
the full price of the book, as the list of tables that the student 
might regularly use in the future, even if he goes into any 
one of many lines of technical work. 

This new revision has all the good features of the former 
texts and a spring-like, refreshing breath from the Napier 
Tercentenary in 1914 brought to it by Professor Smith. 
It is also a text that will be likely to “dominate the teaching 
of the subject” in the next and more exacting generation. 


C. C. Grove. 


Modern Instruments and Methods of Calculation. A handbook 
of the Napier Tercentenary Exhibition. Edited by E. H. 
HorsBurGH with the cooperation of a committee. London, 
G. Bell & Sons, 1914. New York, The Macmillan Company. 
viii + 343 pp. 8vo. $1.90. 

It is very refreshing to read a book that provides so much 
more than its title leads one to expect, as does the volume 
under review. Even in its distinctively handbook features 
it gives copious notes concerning the special characteristics 
and history of the exhibits, the inventor, his period, etc. 
The editor states that “an endeavor has been made to make 
the Exhibition and Handbook useful to the laboratory com- 
puter, the engineer, the astronomer, the statistician, and to 
all who are interested in calculation,” and success has crowned 
the effort in respect to the handbook at least. 

There are a dozen sections lettered Ato M, omitting J. In 
section A is an historical essay, reprinted from the Proceedings 
by permission of the Royal Philosophical Society of Glasgow 
by Professor George A. Gibson on Napier’s Life and Works. 
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Section C alone, on Mathematical Tables, would give the 
book a place in every mathematical reference library. It 
contains an account by Professor Cargill G. Knott, D.Sc., of 
Dr. Edward Lang’s Logarithmic, Trigonometrical, and Astro- 
nomical Tables: A Working List of Mathematical Tables 
most conveniently arranged and amplified by notes by 
Herbert Bell, M.A. and J. R. Milne, D.Sc., both members of 
the editorial committee, as was also Professor C. G. Knott, 
its honorary secretary. There is also an historical essay by 
W. G. Smith on “ Special development of calculating ability ” 
that considers the psychology of calculating ability, with 
numerous references to the literature of the subject. Section 
D on Calculating Machines was written, or edited in part, 
by F. J. W. Whipple who presents the subject along the 
lines of the Catalogue raisonnée which he prepared for the 
Exhibition in connection with the Fifth International Congress 
of Mathematicians held at Cambridge, in 1912. His point 
of view is that “of the user of a machine who wishes to have 
a general idea of how it works rather than that of the expe 
who has to master every detail.” He lets many of the 
manufacturers describe, through a scholarly expert, their own 
machines, hence I said, “edited in part.” He outlines the 
prominent and essential mechanical means of performing the 
various arithmetical operations, and as an expert that he is, 
adds a paragraph on “The scope for improvement of cal- 
culating machines” that to the reviewer was of interest and 
inspiration. 

It must be remembered that this is a catalog of the cal- 
culating machines on exhibition, not of all that have existed 
or are now on the market. With this in mind, attention was 
attracted by the sentences (pages 74, 75): 

“Tn the first place, it is remarkable that no machine which 
does long multiplication automatically is on the market at 
present. . . . I fancy that it would not be difficult to modify 
the Thomas machine to enable it to act in this way.” 

On page 89 there follows, in another paper, the sentence: 

“Two separate multiplications can be carried out at the 
same time by turning the handle.” 

These statements refer to quite different operations but 
they brought to the mind of the reviewer a vague recollection 
of having heard that the former process had been accom- 
plished, possibly in some such way as described on pages 124— 
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125. They reminded him of experience with a Thomas 
machine in student days and of his wish then for a key-board 
instead of levers and for a carrying device for the quotient 
register. It may interest some readers to know that an 
American machine, the Monroe, supplies much of this that 
was left to be desired. 

An article by P. E. Ludgate on “ Automatic calculating 
machines,” which will interest anyone who has seen a loom 
weaving the pictures of presidential candidates, say, into silk 
ribbon; an article by T. C. Hudson on “H. M. Nautical 
Almanac Office anti-difference machine ”; and one on “‘ Mathe- 
matical and calculating typewriters,” complete section D. 

Section E gives an abridgment of a classic article on “ The 
abacus ” by Dr. Cargill G. Knott, professor of physics, Imperial 
University of Tokyo, published in 1886 in the Transactions of 
the Asiaiic Society of Japan and so almost unobtainable by us. 

Space does not permit me further to enumerate the essays 
and notes, each written by a specialist and authoritative, 
concerning slide rules (25 pages), integraphs, integrometers, 
planimeters, their use in naval architecture, differentiating 
machine, harmonic analysers, tide-predicting machine, etc., 
but I cannot pass unnoticed Section H on Ruled Papers and 
Nomograms by the editor and Professor M. d’Ocagne respec- 
tively, which are parts of the literature to be read by anyone 
who would know the subject; also Section I (26 pages) on 
Mathematical Models, and Section K, a catalogue of portraits, 
engravings and medals of the collection of Prof. W. W. 
Rouse Ball, author of the well-known Short Account of the 
History of Mathematics. 

The volume closes with a list of contributors and exhibitors, 
Section M. The names of the former are sufficient guarantee of 
the value of the articles. Their authority will secure for the 
book wide use amongst those for whom it was published. 

C. C. Grove. 


Tables and Formulas (revised edition). By WILLIAM 
Raymonp LoncLEy. Ginn and Company, 1915. 37 pp. 
Price, 50 cents. 

Tue author states in his preface: “This collection of tables 
and formulas is intended for use as a handbook for solving 
numerical problems in connection with the courses in mathe- 
matics in technical schools and colleges.” It is a good collec- 
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tion for such a purpose. It will fill a long-felt need of both 
teacher and student, not only because the most frequently 
used tables and formulas, which are usually found scattered 
throughout half a dozen text-books, are here found within 
the covers of a booklet easily carried in one’s pocket, but also 
because the more extended tables are usually too cumbersome, 
and give results to a much higher degree of accuracy than is 
commensurate with the data of the problem. 

The book contains four place tables of common logarithms, 
and the natural and logarithmic values of trigonometric 
functions (interval of 1°), three-place tables of radian equiva- 
lents of degree measure and the natural values of trigonometric 
functions (interval of 0.05 radians). There are tables of 
squares and cubes from 1 to 100, square roots and cube roots 
from 1 to 1,000, reciprocals from 1 to 10 (interval of 0.1), 
Napierian logarithms from 1 to 10 (interval of 0.1) and from 
10 to 100 (unit interval), and values of the exponential and 
hyperbolic functions from 0 to 10 (interval of 0.1). The 
collection of formulas contains the ordinary ones from algebra, 
geometry, trigonometry, analytic geometry, and the calculus, 
the last including some standard series, formulas for differentia- 
tion, and a well-chosen, well-arranged table of 177 integrals. 
The booklet concludes with the formulas for the solutions of 
the differential equations of harmonic motion, and damped 
and forced vibrations. 

The reviewer would like to see the following formulas 
included in the collection: the length of the arc of a circle, 
$ = ra (radians), the products like 2 sin uw cos v = sin (u + 2) 
+ sin (uw — v), and the area of a triangle in terms of the three 
sides. One serious defect of the table of trigonometric 


integrals is that these are given as / sin zdz, ete., instead of 
f sin azdz, ete., especially since f sin udu, ete., are nowhere 


given; the forms ¥ tan” az sec” ax dz, etc., should also be 


included since the form J u"du is not given. Mention should 


also be made of the method of integrating rational fractions. 

The type is clear and the tables are easily read. The many 
excellent qualities of the booklet, together with its small 
price, will commend it to the students in the mathematics 
courses in colleges and technical schools. 


JOSEPH LIPKA. 
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Vorlesungen iiber projektive Geometrie. By FEDERIGO ENRIQUES. 
Second German edition by H. Fietscner. Leipzig, Teubner, 
1915. xiv-+ 354 pp. Price (cloth), 10 Marks. 

Tue first German translation (with a prefatory note by 
Klein) of Enriques’s lectures on projective geometry appeared 
in 1903 and was ably reviewed in the BuLietrn* by Professor 
Virgil Snyder. As the second edition does not contain any 
essential changes, not much needs to be added to that review. 
In view of the considerable advances that have been made in 
this field during the past two decades, a fuller discussion of 
the various aspects of the fundamental theorem of projective 
geometry would have been of great assistance to the student. 
At any rate the otherwise well written historic-critical note 
at the end of the treatise might have been brought up to date 
in this respect. In the discussion of projective coordinates, 
pages 332-336, which is essential for a proper understanding 
of the one-to-one correspondence between an analytic space 
(a1, 22, 23, 23) and the space based upon and abstracted 
from intuition (parabolic, hyperbolic, or elliptic), in which 
the points are defined by means of cross-ratios, a detailed 
proof of this correspondence would be commensurate with 
its importance. 

From a didactic standpoint Enriques’s “lectures” can still 
be recommended as an excellent introduction to the subject. 

ARNOLD Emcu. 


Descriptive Geometry. By H. W. Miter, head of the depart- 
ment of general engineering drawing in the University of 
Illinois. New York, Wiley and Son, third edition, 1915. 
149 pages, 86 figures and 8 quiz sheets. 

Descriptive Geometry for Students in Engineering Science and 
Architecture. A carefully graded course of instruction, by 
Henry C. ARMSTRONG, associate professor of descriptive 
geometry and drawing, McGill University. New York, 
Wiley and Son, 1915. vi-+ 125 pages and 114 figures. 

Darstellende Geometrie, von MarceL GROSSMANN, professor 
at the technical school of Zurich. Leipzig, Teubner, 1915. 
v + 137 pages and 109 figures. 

Tue first sentence of the preface to Professor Miller’s book 
reads: “Believing that no one study plays a larger part than 


* Vol. 10, pp. 355-58, April, 1904. 
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descriptive geometry in the shaping of the student’s mind 
into the analytic thinking machine, necessary to success in 
any engineering profession, the author has outlined and 
written the text with this as its chief aim.” 

Minute instructions as to lettering, trimming, weighting 
lines, notation, methods of study precede the subject proper. 
The variety of type and prominence of figures leave no ques- 
tion of clearness, but the page has in places a striking resem- 
blance to a bill board in consequence. The method of repre- 
senting a point, line, plane are explained n great detail. 
It provokes a smile to read on page 16, “Axiom: The two 
projections of a point must be on the same perpendicular to 
GL” and similar incidents on page 24, in which one statement 
is followed by a proof. No exercises are given for the student, 
and no numerical cases are worked out at all. This defect 
is partly remedied by a series of eight quiz sheets with draw- 
ings, put at the end of the book. 

The chapter on revolution, general profile, and problems 
relating to them is longer than the others. The figure repre- 
senting the perspective of a circle is hardly necessary at this 
stage and is rather too hard to understand. Most of the 
theorems are well explained, but their inter-relations are not 
well brought out. The chapter (Chapter 6) on lines and 
surfaces would hardly bear mathematical analysis. The 
classification of lines and surfaces is a curiously arbitrary one, 
which would greatly confuse a bright student. Single and 
double curvature contact are not defined, and are crudely em- 
ployed. The definitions of a ruled surface, developable, 
and double curved surface are such as to apply only to the 
few elementary illustrations employed, yet this fact is no- 
where stated. The concept of a tangent plane to the ellipsoid 
should at least have been shown to be unique. The inter- 
sections of certain surfaces with planes is more satisfactorily 
discussed, as is also the development of cylinders and cones. 
Thus far 95 pages have been covered, which includes all of 
descriptive geometry that is treated. Chapter 10 is on 
shades and shadows—well written from an architectural or 
structural standpoint—it contains no new mathematics. The 
last chapter is on perspective. It brings in no new mathe- 
matical principles; it treats of a number of elementary 
properties in a rather empirical way, totally overlooking the 
beautiful transition from descriptive to projective geometry. 
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The reviewer is not competent to speak of the merits of the 
book from the engineer’s viewpoint, but had the text been 
more mathematical and a more scientific aim kept in mind, 
the claims of the first sentence of the preface would have 
been much more generally fulfilled. 


Professor Armstrong’s book shows many contrasts with the 
preceding. It contains no mechanical instructions for the 
reader; it does not use bold-faced type, and very little explana- 
tion is given concerning different kinds of lines. The book is 
full of exercises, an appropriate list being furnished at intervals 
of a few pages. In fact, so little explanation is given that a 
student without a competent teacher would have to exercise 
considerable patience to master the text. All the steps are 
given, but in a very concise form. Thus, restricted positions 
of lines, planes, plane figures, polyhedra, involving shadows 
on the horizontal and vertical planes, are all treated in forty 
pages. 

Part II, which treats of planes, lines, and points in un- 
restricted position, is less concise. The discussion is clear, 
is usually mathematically correct, and the frequent exercises 
allow the reader to test his grasp of every point. What seems 
an objection is that too many figures are prepared, the draw- 
ings given are completed, before the student can understand 
how it was done. Of course this difficulty is at once obviated 
by a good teacher. It is unusual to meet with axometric 
projection as early in the development (page 69) as in the 
present book. It is also presented in an unusual way, namely, 
as the ordinary horizontal and vertical projections of the corner 
and the edges of a cube, the idea of scale being developed later. 
The explanations are clear, but the whole treatment of this 
section (8 pages) is too brief to be of much use. But the 
last chapter of Part II, devoted to sections of simple solids 
and traces of cylinders and cones is excellently well done. 
The figures alone completely show the whole process, and 
they are supplemented by a brief description and followed as 
usual by exercises for the student. 

Part III begins with problems involving tangent planes to 
cones and cylinders and their applications to sections of solids; 
tangent planes of a sphere, common to two or three spheres. 
The text is almost always correct mathematically—only such 
problems are considered in which the tangent line to a conic 
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can be constructed geometrically. Then follow simple inter- 
sections and their developments; here the treatment is the 
usual one. One modest case of a screw-thread is worked out. 
Finally, a short chapter on perspective is given; it is very 
clear as far as it goes, and includes some excellent examples 
for the student, but it stops just as the student’s interest is 
aroused. Perhaps this is first class pedagogy, but somewhat 
dangerous without a good teacher. 


Although the title of Professor Grossmann’s text could 
hardly convey less information than it does, this book s not 
for beginners—indeed it presupposes a fairly comprehensive 
course in orthographic descriptive geometry and considerable 
familiarity with the technique of mechanical drawing. Its 
purpose is more specifically. mathematical, to explain the 
meaning of the processes employed, and to compare their 
merits. The first discussion is to show that the ground line 
is not needed, and that any line in a plane of projection may 
be used as new ground line. Then follows a carefully written 
discussion of axonometry. If it could have been supple- 
mented with a generous list of appropriate exercises, what a 
fine presentation it would make! It includes a good demon- 
stration of Polke’s theorem, that any three segments on three 
arbitrary concurrent lines can be taken as the projections of 
three concurrent edges of acube. The chapter on perspective 
is less satisfactory; the details are clear enough but the 
purpose of it all is not as clearly presented as it might be, 
metrical details coming in unusually early in the discussion. 
Later the problem develops in a more interesting way. An 
unusual theme is a full discussion of stereographic projection. 
A dozen pages are devoted to the interesting topic of photo- 
grammetry. Both inner and outer position are treated, and 
reconstruction from two vertical photographs, or from two 
oblique ones. 

The second part, curves and surfaces, begins with a con- 
siderable digression on the analytic theory of plane and space 
curves, including parametric representation and differential 
properties. As is too liable to be the case, this attempt has 
but little purpose. It is too brief really to teach one un- 
familiar with the ideas concerned, and unnecessary to one 
already acquainted with it. In the corresponding treatment 
of curved surfaces, a number of theorems are stated without 
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references or attempts at proofs. After a very brief discussion 
of the simple helix, the first surfaces discussed are a topo- 
graphical map and forms of embankments and excavations. 
Granted this is important to one learning uses of graphical 
methods, a less felicitous application of the earlier theory 
could hardly be devised. Cones and cylinders fare rather 
better, as they connect directly with the theory. Plane 
perspective is developed from the standpoint of geometric 
correspondence; use is made of cross-ratio, and a fairly full 
discussion of conics from the Steiner construction is given, 
including the theorems of Pascal and Brianchon, and a few 
applications. 

The treatment of intersections of cones and cylinders is 
rather brief; space quartics (of the first kind) and space cubics 
are considered and a few examples given. Plane sections of 
surfaces of revolution, and illumination are next discussed. 
From the three-page description the average reader can expect 
but a very vague and indefinite idea of a ruled surface. In one 
line the half-dual property is disposed of. Nearly five pages 
are given to the helicoid, six to the ruled quadrics, and three to 
non-ruled quadrics. At the end of the volume is a list of a 
dozen other texts for references; all of them have been reviewed 
in the BULLETIN. 

While it would certainly be desirable to have students of 
geometry in the technical schools and colleges familiar with 
the topics here cited, I cannot believe that the best way to 
accomplish that purpose is to attempt to acquire the necessary 
knowledge in such a condensed way. 

Vinci SNYDER. 


NOTES. 


THE opening (January) number of volume 17 of the Trans- 
actions of the American Mathematical Society contains the fol- 
lowing papers: “On functions of several complex variables,” 
by W. F. Oscoop; “A study of certain functional equations 
for the 3-functions,” by E. B. Van and F. 
“A set of four independent postulates for Boolean algebras,” 
by B. A. Bernstein; “Transformations of surfaces 2 (second 
memoir),” by L. P. E1sEnnART; “On figures of equilibrium of 
a rotating compressible fluid mass; certain negative results,” 
by E. J. Movtron. 
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THE concluding (December) number of volume 1 of the Pro- 
ceedings of the National Academy of Sciences contains the follow- 
ing mathematical papers: “Theorem concerning the singular 
points of ordinary linear differential equations,’ by G. D. 
BrrxuorrF; “ Definition of limit in general integral analysis,” 
by E. H. Moore. The volume contains in all 21 articles on 
mathematics. 


Tue following papers on mathematics or mathematical 
physics have recently appeared in the Proceedings of the Ameri- 
can Academy of Arts and Sciences: “Geometry whose element 
of arc is a linear differential form, with application to the study 
of minimum developables,” by C. L. E. Moore, volume 50, 
pages 197-222; “ Expansion problems with irregular boundary 
conditions,” by DuNHAM JACKSON, volume 51, pages 381-417; 
“The mechanics of telephone-receiver diaphragms as derived 
from their motional-impedance circles,” by A. E. KENNELLY 
and H. A. AFFEL, volume 51, pages 419-482. 


On December 30 and 31, 1915, there was held at Columbus, 
Ohio, the organization meeting of a new mathematical asso- 
ciation, the call for which had been signed by 450 persons re- 
presenting every state in the Union, the District of Columbia, 
and Canada. The object of the new Association is to assist 
in promoting the interests of mathematics in America, especi- 
ally in the collegiate field. It is not intended to be a rival of 
any existing organization, but rather to supplement the Sec- 
ondary Associations on the one hand, and the American Mathe- 
matical Society on the other; the former being well organized 
and effective in their field, and the latter having definitely 
limited itself to the field of scientific research. In the field of 
collegiate mathematics, however, there has been, up to this 
time, no organization and no medium of communication among 
the teachers, except the American Mathematical Monthly, 
which for the past three years has been devoted to this cause. 
The new organization, which has been named the Mathematical 
Association of America, has taken over the American Mathe- 
matical Monthly as its official journal. 

There were 104 persons present at the organization meeting. 
The constitution and by-laws together with a full report of 
the proceedings have been published in the January issue of the 
Monthly. The following officers were elected: President, E. R. 
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Hedrick. First Vice-President, E. V. Huntington; Second 
Vice-President, G. A. Miller; Secretary-Treasurer, W. D. 
Cairns; Publication Committee, H. E. Slaught, W. H. Bussey, 
and R. D. Carmichael. 

These officers, together with the following, constitute the 
Executive Council: R. C. Archibald, Florian Cajori, B. F. 
Finkel, D. N. Lehmer, E. H. Moore, R. E. Moritz, M. B. 
Porter, K. D. Swartzel, J. N. Van der Vries, Oswald Veblen, 
J. W. Young, Alexander Ziwet. 


Art the annual meeting of the London mathematical society 
held November 11, the following papers were read: By G. H. 
Harpy, “The second theorem of consistency for summable 
series; Weierstrass’s non-differentiable series”; by F. B. Prv- 
pick, “The kinetic theory of the motion of ions in gases”; by 
H. W. Turnsutt, “Some singularities of surfaces and their 
differential geometry”; by J. W. CampseE “Periodic solu- 
tions of the problem of three bodies in three dimensions”; by 
C. R. Drnegs, “Functions of positive type and related topics 
in general analysis”; by C. H. Yeaton, “Surfaces character- 
ized by special properties of their directrixe congruences.” 
At the meeting of December 9 the following papers were 
read: By H. Jerrreys, “The vibrations of a special type of 
dissipative system”; by E. J. W. Wurppte, “ Diffraction by a 
wedge”; by T. L. Wren, “Some applications of the two-three 
birational space transformation”; by T. C. Lewis, “The 
circles which touch the escribed circles of a triangle.” 


At the meeting of the Edinburgh mathematical society on 
December 10 the following papers were read: “Real linear 
substitutions with equimodular multipliers,” by D. G. TayLor; 
“On the linear differential equation of the second order,” by 
S. Bropetsky; “Fourier’s integral,” by T. A. Brown. 


THE annual meeting of the British mathematical association 
was held at the London day training college on January 5. 
The following papers were read at this meeting: By A. N. 
WHITEHEAD, “The aims of education, a plea for reform” and 
“The allowance for the earth’s rotation in the theory of pro- 
jectiles”; by G. W. Patmer, “The results of an investigation 
into the degree of accuracy that may be expected in simple 
arithmetical work in boys’ schools”; by A. LopGE, “ Discussion 
on the use of mathematical tables; desiderata of such tables.” 
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THE royal society of Bologna announces the following prize 
problems for 1916: 

“Set forth by critical and historical methods, the organic 
development of the theory of elliptic functions, including the 
different points of view under which the theory has been con- 
sidered from the end of the eighteenth century to the present 
time. Indicate the influences which these various points of 
view have had on other branches of analysis.” 

“From the beginning of the twentieth century it has been 
proposed to substitute new definitions for the classic definition 
of a definite integral, with the purpose of generalizing the 
notion of an integral and of applying it to classes of functions 
as extended as possible. It is proposed to submit these various 
definitions to a critical and historical analysis, and to recognize 
those definitions which one would preferably adopt together 
with an exhaustive justification for the choice made.” 

Competing memoirs should be submitted to the secretary of 
the society under the usual conditions before December 31, 
1916. The value of the prize is 500 lire. 


Tue royal medal of the Royal society of London has been 
awarded to Professor Sir J. Larmor for investigations in 
mathematics and physics. 


THE firm of Macmillan in New York announce that a book 
on the theory of errors and least squares, by L. D. WELD, of 
Coe College, Iowa, is in the press, and will be issued in Feb- 
ruary. 


At Harvard University Dr. Dunnam Jackson has been 
promoted to an assistant professorship of mathematics. 


Proressor P. VoGEL, of the war academy of Munich, died 
in October, at the age of 58 years. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


(R. C.). Euclid’s Book on Divisions of Figures (wepi 

8:BXov) with a restoration based on Woepcke’s text and on the Practica 
Teams of Leonardo Pisano. Cambridge, University Press, = 

8+88 pp. 
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Bacnera (G.). Lezioni di calcolo infinitesimale. Disp. 36-47 (ultima). 
Palermo, tip. Matematica, 1915. 8vo. Pp. 12+281-375. 


Bouzano (B.). Wissenschaftslehre. Neu herausgegeben von A. re. 
2ter Band. Leipzig, F. Meiner, 1915. M. 12.00 


CarmicHaEL (R. D.). Diophantine analysis. (Mathematical mono- 
graphs, No. 16.) New York, Wiley, 1915. S8vo. 6+118 pp. aaa 
$1.25 


Crampo.int (S.). Sulla teoria delle curve nello spazio ellitico. Pisa, tip. 
succ. fratelli Nistri, 1915. 8vo. 52 pp. 


Evcim. See (R. C.). 


Harner (H.). Deformation einer a en Flaiche unter der Bedin- 
gung, dass die Erzeugenden Erzeugende bleiben und die Langen einer 
aequidistanten Kurvenschar unverandert erhalten werden. (Diss. 
Techn. Hochschule, Miinchen.) Miinchen, G. Hafner, 1914. 


(A.). See Bouzano (B.). 
JACOBSTHAL (W.). See WeseEr (H.). 
(J.). See Wererstrass (K.). 


Krarrr (M.). Zur Theorie der Faberschen Polynome und ihrer zugeord- 
neten Funktionen. (Diss.) Marburg, 1915. 


Krazer (A.). Zur Geschichte ie aes Darstellung von Funk- 
tionen. Karlsruhe, J. Langs, 1 


Lew (D. D.). Problems in the jennd with formulas and suggestions. 
Boston, Ginn, 1915. 12+224 pp. Cloth. $1.00 


LEONARDO Pisano. See ARCHIBALD (R. C.). 


Puiturrs (H. B.). Analytic geometry. New York, Wiley, 1915. 8vo. 
7+197 pp. Cloth. $1.50 


Runce (C.). Mathematik und Bildung. Festrede im Namen der 
Georg-August-Universitét am 9. Juni 1915 gehalten. Gdttingen, 
Dieterich, 1915. 


S. J. Drei Gleichungen als Grundlage fiir einen Beweis des sogenannten 
grossen Satzes von Fermat allgemein-verstindlich vorgefiihrt. Darm- 
stadt, K. Kohler, 1915. 16 pp. M. 1.20 


und WELLSTEIN (J.). der Elementar-Mathe- 
ik. Ein Handbuch fiir Lehrer und Studierende. 2ter Band: 
oll der Geometrie. Bearbeitet von H. Weber, J. Wellstein 
und W. Jacobsthal. 3te Auflage. Leipzig, Teubner, 1915. M. 12.00 


Weterstrass (K.). Mathematische Werke. 5ter Band: Vorlesungen 
tiber die Theorie der elliptischen Funktionen. Bearbeitet von J. 
Knoblauch. Berlin, Mayer und Miller, 1915. 


WELLSTEIN (J.). See WEBER (H.). 


Wiarpa (G.). Ueber gewisse Integralgleichungen erster Art, besonders 
aus dem Gebiete der Potentialtheorie. (Diss.) Marburg, 1915. 


Wipseretr (A.). Algebra und Infinitesimalrech- 
. Lehrbuch mit Auf | Oberstufe von 

alten. 2ter Teil: Nurnberg, Korn, 

1915. 199 pp. M. 3.80 


—. Analytische und projektive Geometrie. Lehrbuch mit Aufgaben- 
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sammlung fiir die Oberstufe von Realanstalten. Iter Teil: 
Analytische Geometrie der Geraden und des Kreises. Elemente der 
projektiven Geometrie. 2ter Teil: Analytische und _projektive 
Geometrie der Kegelschnitte. Niirnberg, Korn, 1915. Rear! pp 


Woeprcke (F.). See ARcHIBALD (R. C.). 


Wricut (W.C.). Wright vs. Eratosthenes or observations on the law or 
conditions of sequence of prime numbers, with a statement of a new 
and short method of determining them, and illustrative tables and 
figures. Boston, Wright, 1915. 8vo. 15 pp. $0.25 


Il. ELEMENTARY MATHEMATICS. 
Borner (E.). See Suppantscuitscu (R.). 


Cason (F.) and Opetu (L. R.). Elementary algebra. First year course. 
New York, Macmillan, 1915. 8vo. 8+206 pp. Cloth. 


Cuappett (E.). Five figure mathematical tables. Edinburgh, Chambers, 
1915. 16+320 pp. 5s. 


Drarcer (M.). See LierzMann (W.). 
Distne (K.). See Scuuurz (E.). 


Fazzari (G.). Elementi di aritmetica con note storiche e numerose ques- 
tioni varie per le scuole medie superiori. Parte prima. 3a edizione. 
Palermo, Trimarchi, 1916. 8vo. 6+134 pp. L. 1.60 


Guaser (R.). Stereometrie. 3te verbesserte Auflage. (Sammlung 
Géschen.) Berlin, Géschen, 1915. M. 0.90 


Hirts Kriegs-Rechenbuch. Stoff- und Aufgabensammlung zum Welt- 
krieg 1914-1915. Leipzig, Hirt, 1915. 40 pp. M. 0.50 


Hotman (S. W.). Computation rules and logarithms. 5th reprint. New 
York, Macmillan, 1913. 77 pp. $1.00 


Jackson (C.S.). A twentieth century arithmetic. London, Dent, 1915. 
8vo. 3s. 6d. 


Kanpet (I. L.). The training of elementary school teachers in mathe- 
matics in the countries represented in the International commission on 
the teaching of mathematics. (United States Bureau of Education 
gg hag No. 39.) Washington, Government Printing Office, 
1915. pp. 


Kriicer (C.). Laerbog i Mathematik. 1. Band: Arithmetik og Algebra 
for Gymnasiets mathematisk-naturvidenskabelige Linie. Kopen- 
hagen, G. E. C. Gads Ferlag, 1914. 83 pp. Kr. 1.75 


LicatsLavu (W.) und Wiese (B.). Mathematisches Unterrichtswerk 
fiir Lehrerbildungsanstalten. Neubearbeitung. 1te Abteilung: Rech- 
nen, Arithmetik und Algebra. 3te Auflage. Breslau, Hirt, 1915. 
352 pp. M. 4.00 


LieTzMaNnn (W.). Die Ausbildung der Mathematiklehrer an den héheren 
Schulen Deutschlands. (Berichte und Mitteilungen, veranlasst durch 
die Internationale Mathematische Unterrichtskommission. Erste 
Folge, XI.) Leipzig, Teubner, 1915. Pp. 311-328. M. 0.60 


LireTzMANN (W.) und Drarcer (M.). Ergebnisse zu Bardey-Lietzmann, 
Aufgabensammlung fiir Arithmetik, Algebra und Analysis. Iter Teil: 
Unterstufe. Leipzig, Teubner, 1915. 63 pp. 
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Léwennavpt (V.). Der grosse Krieg in Zahlen. Eine Ergainzung zu den 
Rechenbiichern. Leipzig, Teubner, 1915. 48 pp. M. 0.80 


Nown (T. P.). Exercises in algebra (inclu onometry). Part 2, 
with answers. (Longman’s Modern Mathematial Series) "Bro 
(L. R.). See Cason (F.). 


Rewrt (F.). Sammlung von Aufgaben und Beispielen aus der Trigonom- 
etrie und Stereometrie. 2ter Teil: Stereometrie. 5te Auflage. Neu 


bearbeitet von H. Thieme. Leipzig, Teubner, 1914. M. 3.80 
Rutcers (W.). Beitrag zur Weiterentwicklung der Algebra. Als Manu- 
skript hera’ durch die Erben des Verfassers. Oecerliken bei 


Zurich, F. J. Rutgers, 1915. 
ScHNnemwer (A.). Lehr- und Uebungsbuch der Geometrie. Fiir Lehrer- 


und Lehrerinnenbildungsanstalten. 2ter Teil: Ebene Trigonometrie, 
Stereometrie und spharische Leipzig, Freytag, 


Scuuttz (E.) und Diistnec (K.). Leitfaden der Stereometrie fiir héhere 
technische Lehranstalten und zum Selbstunterricht, nebst einer 
Sammlung von Aufgaben aus den Gebieten der Praxis. Essen, 1915. 


M. 2.00 
Smita (D. E.). The teaching of elementary mathematics. 9th reprint. 
New York, Macmillan, 1914. 312 pp. $1.00 


—. See WentTworTH (G.). 


(R.). Mathematisches Unterrichtswerk; fiir Madchen- 
lyzeen bearbeitet von E. Bérner. Geometrie. 5ter Teil: Stereo- 
metrie. Wien, Tempsky, 1915. 43 pp. Kr. 1.20 


Tureme (H.). See Remr (F.). 


Umuaur (K.). Der mathematische Unterricht an den Seminaren und 
Volksschulen der Hansestidte. (Abhandlungen iiber den mathe- 
matischen Unterricht in Deutschland, Band V, Heft 5.) Leipzig, 
Teubner, 1915. 7+160 pp. M. 4.80 

Wentworts (G.) and Smiru (D. E.). Plane and spherical trigonometry 
and tables. Boston, Ginn, 1915. 6+230+26+6+104 pp. orn 

Wiese (B.). See Licutsiavu (W.). 


Ill. APPLIED MATHEMATICS. 


Atsrecut (T.). Ergebnisse der Breitenbeobachtungen auf dem Observa- 
torium in Johannisburg von Marz 1910 bis Marz 1913. —_ wr 


Barton (E.H.). An introduction to the mechanics of fluids. New a 
Longmans, 1915. 8vo. 14+249 pp. $1.7 


(C. A.). Hydrodynamische Fernkriafte. 5 Abhandlungen 
die Bewegung Kugelférmiger K6rper in einer inkompressiblen Fliissig- 
keit (1863-1880). Herausgegeben von A. Korn und N. Bare 
Leipzig, 1915. - 5.60 

BseRKNEs (N.). See Bserknes (C. A.). 

Boccarp1 (G.). Elementi di astronomia: supplemento alla parte I. 
Torino, tip. s. Giuseppe degli Artigianelli, 1915. Svo. 404 Pp. Tie 


262 NEW PUBLICATIONS. [Feb., 1916.] 


CaMPBELL (W. W.). Elements of practical astronomy. 4th reprint. 
New York, Macmillan, 1913: 253 pp. $2.00 


CasTELLO (P.). La estrofoide y el problema del billar 
Barcelona (Mem. Acad.), 1914. 4to. 18 pp. 

Furness (C.E.). An introduction to the study of variable stars. =i 
Houghton-Mifflin, 1915. 20+327 pp. $1.75 

Hoskins (L. M.). Elements of graphi¢ statics. 2d edition. New York, 
Macmillan, 1914. 200 pp. $2.25 

Howe (G.). Mathematics for practical men. New York, Van Nostrand, 
1915. 143 pp. $1.25 

Korn (A.). See Bserxnes (C. A.). 

Kriemuer (C.). Technische Mechanik. Ein Lehrbuch der Statik und 
Dynamik starrer und nachgiebiger Kérper. Stuttgart, ae. en 


(E.). Mathematisch-physikalische Tafeln. 2te 
zig, Teubner, 1915. 12 pp. 0.60 


McKay (R. E.). The theory of machines. London, Arnold, R.. 15s. 


MitHaM (W.I.). Meteorology. Reprint. New York, Macmillan, 1914. 
549 pp. $4.50 
Moutrton (F. R.). An introduction to astronomy. 7th reprint. New 
York, Macmillan, 1914. 557 pp. $1.60 
Netrmann (P.). Der Torsionsindikator. Berlin, 1915. M. 5.00 


Panorsky (E.). Diirers Kunsttheorie vornehmlich in ihrem Verhiltnis 
zur Kunsttheorie der Italiener. Berlin, Reimer, 1915. 209 pp. 

Priiecer-HaErTEL (H.). Ueber die kleinen Schwingungen einer drei- 
gliedrigen ebenen Gelenkketie, zugleich ein Beitrag zur Theorie der 
einfachen Hebelwage. (Diss.) Jena, 1914. 


PorprLEWwELL (W. C.). The elements of “ae and geodesy. New 
York, Longmans, 1915. 8vo. 12+244 $2.25 


Rourus (C.). Neue Relationen im und Universum. 
Darmstadt, C. Ruths, 1915. 


Sxorrx (O. L.). Wie berechnet, baut man ein Flugzeug? 
2te unverainderte Auflage. "Berlin, 191 M. 6.00 


——- (J. S.). Theory of measurements. London, Constabie, i915. 
7+81 pp. 6s. 
Warersury (L. A.). A vest pocket handbook of mathematics for 
engineers. New York, Wiley, 1915. 10+213 pp. $1.50 
Witpsretr (A.). Darstellende Geometrie. Lehrbuch mit Aufgaben- 
Niirnberg, Korn, 1915. iter Teil: Schiefe Parallel- 


projektion und Orthogonalprojektion. 2ter Teil: Kegel, Zylinder 


Kugel. LEinfiihrung in die Perspektive. 147+101 pp. 

M. 3.20+2.00 

ZEHNDER (L.). Mathematische Zusétze zum Grundriss der 2te 
Auflage. Tubingen, H. Laupp, 1915. M. 0.40 


